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Some results about the interactions of water waves are
presented.工ｎ chapter 1 , some　theories　and　ｅχperiments　about　the
nonlinear effect in water waves are reviewed。
工ｎ chapters ２ and 3, the　reflection　problem　of　ａ　solitary
wave in shallow　ｖａter at the rigid vertical wall is ｅχamined.
This problem is closely related to the interaction of two
solitary waves .工ｎ　　chapter　　２，　the　　nonlinear　　effect　　in　　the
one-dimensional reflection of ａ soli tary　　wave　　is　　ｅχamined
numerically in detail .工ｔ　is　shown　that　the　larger　　phase　　shift
associated wi th　　the　　reflection　　is　obtained　for　the　larger　Ｅ．
Here Ｅプis the amplitude of an incident wave　　nondimensionalized
by the water depth h. Furthermore, the-･ phase　shift ．-tends　to zero
as e-0 in agreement with the ｅχisting theory based on　　the
perturbation method.工ｔ is also found that an incident solitary
wave suffers the slight distortion of ｉ ts　　shape　　from　　the
reflection.-Thai is ,トa reflected　wave　has　the　amplitude。slightly
smaller than that ｏｆ上an incident wave, and. is　followed　　by　　ｔｈｅ･
smal 1　　oscillating　part. This　distortion ．ｎｏｎｄ土mensionalized　by　ｈ
is at most of　Ｏ(ε３)。
㎜㎜㎜㎜ａ＝=｡
工ｎ chapter 3。the　　reflect士ｏｎニ‥ofエａｎご　ｏｂ！iqiielyごincident
solitary wave is examined. The equations which govern the
shallow-water wave motion in two dimensions are derived and
solved numerically. 工ｆ the angle of incidence ａ satisfies
(ｘ＞(３ε)１／２ａ regular reflection pattern emergeＳ　，　Ｖhile　if　ａく(３Ｅ)１／２
ａ Mach reflection pattern ( geometrically similar to the




for the latter case agrees well with the solution
composed of three resonantly
　
interacting soli tary waves
predicted by Mi les。
　　　
]：ｎ chapters ４ and ５， the long-short wave interactions
between an internal gravity wave and ａ surface gravity wave
packet in two-layer fluid are examined. This　interaction　occurs
when the phase speed of an internal wave coincides with the
group velocity of ａ surface wave packet. The　equations　which
govern the time development of ａ long wave and the envelope of ａ
shor t　wave　packet　are　derived　and　are　solved　numerically。
工ｎ chapter ４， the shallow-fluid case, in which the
wavelength ｌ of an internal vave is much larger than the fluid
depths １ｓ considered. It is found that ａ coupled soli ton
composed ｏｆ’the　depression　of　ａ　long　wave　and　ａ　　hump　　of　　short
wave packet emerges from ａ vide class of localized initial
distributions.工ｎ chapter ５、the deep-fluid case, in　which　乙　　is
much larger than the fluid depth of the upper layer and is much
smaller than that of the lower layer ,　１ｓ　　considered.　The
governing equations for
　
this case have the extra terra
representing the dispersion of internal waves in comparison with
those for shallow-fluid case. The　solitary　wave　solu七ions　to　the
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The nonlinear effects in water waves have been one of the
most interesting subjects 土ｎfluid dynamics since they began to
be taken into account in the nineteenth century. The　prob！em　of
interactions of water waves, which　　can　　be　　considered　　as　　one
manifestation of these effects ,　is　　examined　　in　the　present
thesis。
The history of nonlinear theories and the ｒｅ！ated
experiments for water waves are reviewed ｂｒ土efly in this
chapter. The　developments　in　the　investigat･ions　on　surface　waves
and on the waves in two-layer fluid are　　described　　！ｎ
§１．１and in §１．２respectively. Several basic　　results　　for　　the
interactions of these water waves are reviewed in § 1 .3.
§ １．１Surface Waves
The i rrotationa］．　motion　　of　　incompressible　and　inviscid
fluid of uniform densi ty　on　the　　horizontal　　bed　　is　　considered
under the existence of ａ free surface, A!though　this　si tuation
is fair！ｙ simple, many　　ｉｎ七eresting　　phenomena　　rela七ed　　to　　the
nonlineari ty　have　been　predicted　and　observed。
The ｌ and リ coordinates are taken to be in ａ horizontal
plane and the ｚ ａχis vertical ly　upwards　from　the　free　surface　in
quiet state. The　geometrical　configuration　is　shown　in　Fig. 1 .工ｆ





















































ｔ denotes the time, and ｇ and ｐ are the gravitational



















the assumption of constant atmospheric pressure. Here
ｚ＝ぐ（・，いＯdenotes the free surface displacement,ん is the water
depth in quiet state, and Ｔ is the surface tension, and
R＼ and Ｒ２ are the principal radii of curvature of the free
surface. For the irrotational motion eqs .(1、1 ) and　boundary



























































The 1inearized　　forms　　of　　eqs. n .3)　have　　the　　following
solution vhich propagates in the エ direction ：






Here the wavenumber た and the frequency ω satisfy the dispersion
relation
ω ＝ (1.6)




surface waves are the water depth h, the　character istic
wavelength 乙（～た‾Ｉ), and　the　number　げ/よ）り）|／２　．　In　the　　nonlinear
theory, the wave ampl ｉ tude　Ｇ　as　v/el １ as　the　above　three　length
scales must be taken into account. The　theoretical　treatment　　of
surface waves differs according to the ratios of these length
scales。
　　　　
The nonlinear effects in the gravity wave in non-sha!low
water （ ん≧Z≫（Ｔﾉ鴻）１／２，Ｇ：finite ） are reviev/ed in § 1.1.1, and
those in shal low　ｗａ七ｅｒ（　　　乙≫に　　　　Z≫',Ｔﾉ四）】／２，　ａ：finite　　）　　in




Surface gravity waves in ｎｏｎ一shallow　water
The nonlinear effect ｌｎ･surface gravity waves was first
investigated by Stokes 〔１〕 〔２１， He considered ａ steady
progressive one-dimensional wave of the ampli tude　ａ　and　of　the
wavelength Ｚ（＝２７ｒ／だ).Using　ａ　systematic　perturbation　　technique
wi th　　respect　　to　　the　　wave　　steepness　ら≡ａだ, he　calculated　the
solution of the equa七ions obtained by 七he neglect of the surface
tension in eqs . (ト３）　for　　ｆｉｎ土te　　ｄｅｐ七ｈ　　ｔ０　　０（ｄ）．工七　can　be
wr i tten　as






















It is noted that the lowest-order terms of the solution （１．７）
and the dispersion relation (1.8) are　the　same　as　the　solution
(1.5) and　the　dispersion　relation (1.6)　in　　the　　linear　　theory
under the neglect of the surface tension. The　higher-order　terms
in eqs.(1.7) modify　the　sinusoidal　wave　form　of　the　free　surface
in the ｌinear　theory　into　that　composed　of　steep　crests　and　flat
troughs The higher-order term in eq. (1 .8)　represents　　the
ａｍｐ］Litude　dispersion.
　　　
Stokes Ｃ２〕 also obtained the solution for deep-water case
（ Ｚくく 瓦 ）ｔ００（ｄ），and many workers computed the solution of
higher order by means of more sophistica七ed procedures for
finite depth 〔３〕～〔５〕，and for inf ini te　depth ，　Ｃ６〕〔刀．
Benjamin and Feir 〔８〕 examined the stability of ａ weakly
nonl inear　uniform　wavetrain　in　deep　water　given　by


















which is derived from stokes' solution (1.7) and (1,8) by　the
neglect of terms of Ｏ（べ) and　by　taking　the　　1imｉt　kh-c・Ｑ、　They
found that the wavetrain (1 .9)　is　　unstable　to　modulational





and 七he ｍａχimum growth ｒａ七e. They　also　repor ted　ｅχperimenta!
data in fairly good agreement wi th　the　prediction　regarding　　the
vavenumber and the growth rate of instability. This　modulationai
instabili ty　was　also　predicted　by　Lighthill　〔９〕　and　by　　Whi tham
〔１０〕 by making use of Whitham's averaging technique ［１１３
Benjamin ［１２］ and Whi tham　Ｃ１０〕　showed　that　in　the　f ini te-depth
case this raodulational instabi1i ty　occurs　only　for　ｋｈ　〉　！.363.
］:ｔwill be shown in § １．３that this instabili ty　　has　　the　　close
relation to the resonant interaction of surface gravi ty　waves .
　　
Ｎｅχｔ the equat:
development of the ｖｅａkly nonlinear wavetrain was attempted to
derive. Hasimoto and Ono 〔１３〕 considered the following slowly






















showed that the complex wavetrain envelope Ａ is governed by
the so-called nonlinear Schrodinger equation
　













The coefficient リ depends on た and 八, and　is　negative　for　　ｋｈ　　＞
1 .363　　and　　posi tive　　for　　ｋｈ　　〈　1.363. Equat土on n .11〉had　been
discussed by Benney and Newel 1　〔１４〕　and　by　Taniu七ｉ　　and　　Yajima
□5〕 in the general context. Both　of　them　showed　that　if　μリ＜0
（μv>0 )　the　uniform　wavetrain　solution　of　　ea. (1 .11 )　is　　stab！ｅ
(uns七able)
　　
Therefore, the r esul ts　　for　　the　　modulational
instabi1i ty　of　ａ　uniform　wavetrain　　m　　finite-depth　　water　　are
again obtained by invoking the results about the signs of
μ and リ。
　　　
The nonlinear Schrodinger equation (1.11) with　　μリ＞○　　was
solved exactly by Zakharov and Shaba七 ［１６］ by means of the
inverse scatter ing　method　for　the　initial　condi七ions　which　decay
sufficient工ｙ rapidly as　　ぽ｜一・・．　They　also　considered　　the








where ai and C＼ are real constants. They　then　found　that　the
envelope soli tons　　of　　different　　veloci ties　　pass　　through　　one





confirmed by experiments 〔１７〕，Some initial-value problems
of eq. (1.11 ) with　/iv>0　were　　examined　　by　　Satsuma　　and　　Yaj ima
〔１８〕 for localized distributions and by Yuen and Ferguson 〔１９〕
for an uns tab！ｅ　wavetrain.
1.1.2 Surface gravity waves in shallow water
　　　　
工ｔhas been shown by Ursell 〔２０〕 that the linear solution
(1 .5)　is　　valid　　ｏｎ!ｙ　　if　　叫≡(l/h)hl/l　　ａｓ　　well　　as　　the　wave
steepness Ｇ， is small. Therefore, the　waves　which　are　too　　long
ｒｅ！ative 七〇 the water depth must be treated by means of an
approach different from Stokes' theory　based on　　七he　　ｅχpansion
vi th　respect　to　Cs ･
The ｎｏｎ!inear theory for shallow-water gravity waves
□≫八丿≫（Ｔ/ｐｇ）１／２) was　developed　by　Boussinesque･〔２１〕　　and　by
Rayleigh 〔２２〕 by taking account of weak dispersion as well as
weak nonlineari ty.　The　theory　was　put　forward　by　Korteweg　and　de
Vr ies 〔23〕， who
　
considered the time evolution of ａ
unidirectional shallow-water wave on the assumption that
Ｓ≡Ｇノｈ～（／１／０２　　（　　which　means　　叫＝０（１）　) and　ｓ≪１．　The　equation











十 リ1ぷ万万i＝ 0 （１ １３）
where Ｃ＝ａＢ（れで）・ぞ＝ε】/2（エーｃμ），フニe3/2t， らニ（gh）1/2，　　and　　/ai=3Cp/2
and ｐｌ＝ｃ訪２／６are positive constants.　Equation　(1.13) is　referred
to as the Korteweg-de Vr ies　equation (　the　K-dV　equation　）。
　
Korteweg and de Vr ies　〔２３〕　then　obtained　　ａ　　solution　　of
eq. (1 .13)　descr ib土ng　　ａ　　steady　　progressive　　periodic　wave　and
called it as ａ ”cnoidal wave≒ This solution comprises the










where ａ】is ａ posi tive　constant. The　K-dV　equation (1.13) can　be
solved ｅχactly by the inverse scattering method for initial data
which vanish at ぞ＝士・・.The　N-soliton　solution,　〔２４〕～〔２７?　　　of
eq. (1 .13)　indicates　　that　　the　　solitary　　wave　solutions　(1.14)
behave as soli tons,　that　　is ,　the　　solutions　　with　　different
ampli tudes preserve their identi ties　　through　　collisional
interaction between them ｅχcept for the phase shifts. Other　many
interesting resul ts　　ｒｅ！ated　to　the　K-dV　equation　were　reviewed
by Mi u r a　〔２８〕。
Ｓｈａ！low-water waves of large amplitude were investigated
by the integral-equation formulation or by the series-eχpansion
method ｗｉ七ｈrespect to Ｅ（ or (/^/０２）． The　　former　　method　　was
used for the ｅχamination of ａ sol ｉ tary　wave　by　many　workers ,
〔２９〕～〔３６〕． Based on the latter method Lai tone　　　〔３７〕，





The stabil １ty　of　the　soli tary　wave (1.14) as　ａ　solution　of
the K-dV equation (1.13) has　been　established　by　Ｂｅｎ､jamin　〔42] .
Jeffrey and Kakutani 〔４３〕 had earlier demonstrated stabili ty
wi th　　respect　　to　small　one-dimensional　Derturbations. Kadomtsev
and Petviashvili ［４４］ and Oikawa et al .　〔４５〕　have　　shown　　that







When Ｚ（ the wavelength of ａ wave ）ｉＳ comparable to or
much less than (Ｔ/ＤＣＪ)./2， the　effect　of　ｓｕＴヽｆａce　tension　must　be
taken into account。
Crapper 〔４６〕 investigated pure capi1lary waves in deep
water （ ／１≫にＺ≪（Ｔ/ｐｇ）１／２and obtained an exact closed-form
solution for steady progressive waves of arbitrary amplitude.
Unlike (pure )　　gravi ty　　　vaves ，　steep　　capi1lary waves　　are
characterized by deep troughs and broad flat crests。




sinusoidal wave form in the linear theory is modified by the
effect of nonlineari ty　in　ａ　similar　way　to　ａ　gravity　wave　or　七〇
ａ pure capillary wave according as た（ =27r/乙 ） is smaller or
larger ｔｈａｎ（ρ９／２７）１／２respectively. Wilton 〔４８〕 found that when
だ＝（ρり/ｎフリ／２（ n=2,3,... ） Stokes' expansion fails because
certain series coef fic！ents　become　infini te. This　breakdown　IS
close！ｙ ｒｅ］Lated to the resonant interaction of ａ fundamental
wave with ａ higher harmonics as will be shown in § 1 .3.
§ １，２£辻旦ｙj」:ＪWaves in Two-La er Fluid
　　
When the density of ａ fluid is not uniform, there　exists
the wave motion called an　internal　　wave.　　工ｎ　　this　　section　　we
consider only the special case of two-layer fluid, which　is
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(1 . 156 )
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We assume that the fluid m each layer is incorapressib！ｅ
and ！nviscid and makes ａ one-dimensional irrotational motion,
and 七hat the densities of the upper and lower layers are
出 and ｐ２（＞両），and that the thicknesses of 七ｈｅ’upper　and　lower




is shov/n in Fig.2.工ｆ the disturbed free surface
specified by ｚ＝削十ぐ】（エ丿），the disturbed interface by
ｚ＝ぐ2（エ,t), the horizontal rigid bottom by z=-h9 ,　and　　the
veloci ty　　potentials　　in　the　upper　and　1 o V?e r　layers　by　φ!（エ,z,t}





































































Here we assumed that the surface tension IS negligible.
　 　
The ！inearized forms of eqs. (1.15)　have　the　following
solution ：
ぐ１ °ａｅｉ∂ ＋ c. c










θ ＝ たエ ー ω削
(1 . 16a)
(1 . 16b )
(1 . 16c)


































Unlike the case of continuous stratification, only the
fundamental mode of an internal wavｅ 　(　Ｖ!hich　corresponds　to　the
negative sign in eq. (1 .17)　）　can　　exist　　in　　addition　　to　　the
surface mode （ which corresDonds to the positive sign in
eq. (1パフ））．
The case of ａ rigid upper boundary, in which ぐＩ≡０，is
sometimes considered in order to examine an internal wave
vi thou七　unnecessary　complexity. The　equa七ions　　obtained　　by　　the




have the solution of the form
＋ c. c














Kakutani and Yamasaki 〔４９〕 considered the case of ａ free
upper boundary on the assumption that ｃ°a/hi ～仇1/ Z ）2　　≪1，
削～削． Here ｌ is the characteristic wavelength of ａ wave. They
then derived the K-dV eq. (1 . 13) both　for　ａ　surface　mode　and　　for
an internal mode. 工ｎ this case the variables in ｅｑバ1 . 13)　are
defined by ぐ■＞＝ａＢ(e.T), 卜ど／２（ｌ－ｃｊ）， フニε３／２ｔ， Furthermore・Ｃｐ＝ai/ｋ
is obtained from eq. (1 .17)　by　　taking　　the　　long　　vave　limi t
だ/11－0，　ｋＫ２-０．　They　　found　　that　　for　　an　　internal　　　mode　　　the
coefficient 剔 in ｅｑバ1.13) is always posi tive　　and　　両　in
eq.(1.13) changes　sign　depending on　　朗/削　　　and　　△．　They　　then
shoved that the ｓｏ１！tary wave solution of ｅｑバレ13) describes　ａ
depression of the free surface and an elevation of the interface
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　
-ｉ
for ん＼/hz ＞ ｍ and vice versa for h^/h?.-く 現 . Here　肌　depends　on
△ and is between ｌ and ｌ .25. The　same　result　　for　　the　　cri tical
value of 八1/的 had been obtained also by Walker 〔５０〕．
Tanaka 〔５１〕 considered the long-time evolution of the
wave (1.19) in　the　case　of　ａ　　rigid　　upper　　boundary　　under　　the
assumption Ｚ～削～㈲， and derived the nonlinear Schrodinger
equation {！.11).工ｎ　this　case　the　　variables　　in　　eq. (1 .11 )　　are
defined by Ａ（らで）＝ao/£ｓ， ぞ＝Ｇ（エーｃｊ）， ７＝ｃｼﾌ， Furthermore, ｃ９＝
ｄｏｉ/ｄｋ　ｉｓcomputed from eq. (1 .20)　　By　　the　　ｅχamination　　of　　the
signs of μ and リ in eq. (1 .11 ) he　found　that　the　ｅχistence　of　the




The problem of interactions between wavetrain or solitary




branches in the nonlinear theory of water waves .
　　　　　
］:ｎ the shallow-water case, solitary waves are observed
usually and are　　generated　　from　　ａ　　wide　　range　　of　　　initial
conditions. Therefore, the interaction between solitary waves
has been investigated by many workers. The　　results　　about　　this
interaction in one and two dimensions are reviewed in § 1.3.1.
０ｎ the other hand, if　乙　（　the　wavelength　）ｉｓ　comparable
to or much smaller than the water depth, only　ａ　slowly-modulated
wavetrain can survive for ａ long time because the dispersion is
strong. The　results　about　　the　　interaction　　of　　ｖａvetrains　　are
reviewed in § １.3.2.
1.3.1. Interactions　between　solitary　waves　in　shallow　water
The problem of the interaction betveen two solitary waves
propagating to　the　same directionﾆwith　different　velocities can
be described by the K-dV eq. (1.13)　to　the　first　order. The
theory of the K-dV eq. predicts that two solitary waves of
different amplitudes pass through one another wi thout　　any
permanent loss of ｉｄｅｎｔｉ_ｔｙ-and suffer　only　ａ　forward　phase　shift
of the larger solitary wave and ａ backward phase shift of the
smaller one. Experimental　confirmation　of this　　prediction has
been provided by Zabusky and Galvin 〔52] ,　by　Hammack　and　Segur
〔５３〕，and by Weidman　and　Maxworthy　〔５４〕二
Another こinteraction problem ｉ’ｎone dimension is the
head-on collision of two solitary waves. The　reflection　of　ａ
solitary wave at the vertical rigid wall can be regarded as the
special case of this problem. The　second-order　solution　for　the
head-on collision of two solitary waves was obtained by





Yajima found that two solitary waves suffer only phase shifts of
O(eZ) from the interaction. This phase shift is also included
implicitly in the results of Byatt-Smith. However, the
experiments made by Maxworthy [57] gave the phase shifts quite
different from the above theoretical prediction. The study on
the nonlinear effect in the reflection of a solitary wave at the
vertical wall is made by the author, and the results are
mentioned in chapter 2.
The problem of oblique interactions between solitary waves
has been investigated theoretically or experimentally by many
workers. Miles [58] considered the case in which the
intersection angle <pbetween two solitary waves is much larger
than £1/2. He then found that the first approximation to the
solution describing an oblique, interaction is obtained, by
superimposing the solutions for the individual solitary waves.
On the other hand, when <p=O(e!/^) the solution made by the
above superposition is found to be not valid even as the
lowest-order solution for the oblique interaction. Kadomtsev and
Petviashvili [44] derived the following equation in order to
examine the stability of a solitary wave propagating to the x
direction with respect to small transverse perturbations :
_a_ 33B d2B
(― +-~n＼B― + v＼―~y-+ mi―-5
d£ dr
0 (1.21.)
where t=aB(£,r), £=e1/2(x-cpt), ?7=31/2ey, r=e3/2t, cp=(gh)]/2,
Mi=3cp/2 and v＼=cph2/Q. This equation is called two-dimensional
K-dV equation or Kadomtsev-Petviashvili equation, and was also
derived by Oikawa et al. [4-5]. The oblique interaction between










and Mi les　[58] .　Mi les　〔５８〕　found　that　this　solution　is
non-singular only if り＞叫ｏｒ ｐ＜り_. Here　Ｑ→-　and tp-　are　determ土ned
from the ampl ｉ tudes　of　two　soli tary　waves .工ｎ　this　non-singu！ar
case the solut:ion describes the phase shift of magnitude
comparable 七〇 Ｚ similarly 七〇 the case of one-dimensional
ｉｎ七eraction between two soli tary　waves　propagating　to　　the　　same
direction. Ｍｉ！es Ｃ５８］ also found that the condi七ｉｏｎ（７）＝弘．Ｏ（
７）＝吊-１ｓ precisely that necessary for ａ resonant interac七ion
among three sol ｌ tary　waves 。
　　　
The problem of obi ique　interac七ions　between　七wo　soli tary
waves is closely related to the r ef lee七エon　problem　of　ａ　ｓｏ!ltary
wave obliquely incident to the vertical rigid wall. Based　on　the
resu！ts about the oblique interactions Mi les　　〔６２〕　　predicted
that ａ regu工ar reflection pattern appears only when the angle of
incidence ａ is larger than (3こ）|／２　and　　that　　ａ　　Mach　　reflection
pattern （ geome七r ically　similar　to　the　corresponding　shock-wave
reflection pattern ) appears　for　ａく（３Ｃ）１／２　　The　latter　reflection
ｐａ七七em is composed of three resonantly interacting solitary
waves。
Numerical study on the reflection of ｏｂ工ique！ｙ incident
ｓｏ！itary　　waves　　with　　arbi trary　　ａ　　is　　made　　by　the　author .工ｎ
chapter 3, the　resul七ｓ　are　shown　and　　compared　　wi th　　the　　above
Miles' theory and with available ｅχperiments made by Melville
〔６３１．
１
３．２Ｗａ▽e-wave interactions in non-shallow water



























there exists the (a-1)th-order resonant interaction among ｎ
fundamental waves of wavenumber vector 臨 and frequency 叫． 工ｆ
the resonance condition (1 .23 ) is　ｓａｔ！sfied　significant　energy
transfer among these ｎ wave components is possible m spite of
weak nonlinear i ty.
　　　　
工ｎ one-dimensional case the resonance condition of 工owes t













This second-order resonant interaction is possible among
capillary-gravi七ｙ waves 〔６４レ among ｄエfferent modes of interna!




one internal mode in two-layer fluid
〔６５〕，〔66]. Using　ａ　model　equation　displaying　　the　　property　　of
second-order resonance, Bretherton　〔６７〕　derived　equations　which
govern time developmen七 〇ｆ ampli tudes　　ａバ　1=1,2,3)　　of　　wave
components satisfying (1 .24). He　then　ｅχamined　the　property　of
the solution. Based　on　the　same　equation　Hasselman　Ｃ６８〕　　showed
that ａ uniform wavetrain in the system which allows second-order
resonance is always unstable。
　　　　
The problem of resonant interactions between ａ short
wavetrain of wavenumber たｌand ａ long wave of wavenumber た３also
has been investigated by many workers. This　interaction　　can　　be
regarded as the second-order resonance among the wave components












is the phase speed of ａ long wave. This　long-short　resonant
interaction was investigated by Djordjevic and Redekopp 〔６９〕
for capillary-gravi ty　waves, and　by　Grimshav　［７０］　for　long　and
short internal waves in continuously stratified fluid.
The long-short resonant interactions between ａ short








are shown in chapter 5. Here　Ｚ　is　ａ　characteristic　length　　scale
of ａ long interna！ wave, and　削　and　ﾉ１２　are　the　thicknesses　of
the upper and lower layers respectively.
For capi ｌlary-gravi ty　　waves the
　
interaction called
harmonic resonance is also poss i ble.　McGoldrick　　ワ1で　　　and
Simmons 〔７２〕 pointed out that if 岫＝（ｐｇ/２ｎｌ/2　　the　　triad　　た|，
た2（＝匂） and 隔（＝2だｎ satisfies the resonance condi tion (1.24 ).
Therefore 七he initial wave of wavenumber 削 is expected to
become increasingly distorted as it proDagates due to the energy
七ransfer to the component of　ｖａvenumber ２たい This prediction was
confirmed experimentally by McGoldrick -く７１〕．　　The　nth-order
resonant interaction wi th　higher　harmonics　is　possible　　for　　the
fundamental wave of　　ｖａvenuraber （ｐｇ/ＴｉＴ）１／２，Nayfeh ［７３］ and
McGoldrick 〔７４〕 examined this interaction. The breakdown of
Stokes '　expansion　　found　　by　　Wilton　　〔４８〕　　for　　these　specia!




For gravity waves in deep water there ｅχIS tS　no　nontrivial
solution to the second-order resonance condi tion (1.24 ).工七　was





























the weak interaction among four wave components
satisfying the resonance condition (1.26) and　derived　　equations
which
　
govern the time development of　　ｖ?ａve ampli tudes
a,(i = l , . . . ,4) .　The　　modulational　　instabi1i ty　　of　　　ａ　　　uniform
wavetrain of wavenumber たｌ in deep water mentioned in § １．！．１
can be regarded as the phenomena caused by the third-order
resonant interaction between wave components of wavenumbers た|，
/C2(=fcl〉，　k3（＝匂＋6〉， and μ（＝だ1-5). Here ６ is of Ｏ（ら） and is
determined so as 七〇 satisfy the condition (1.26) under　the　use
of ｎｏｎ!inear　　dispersion　　　rela七ion　　　ぐト9dバ　　　The　　　ｎｏｎ! inear
Schrod土nger equation （１ 1 1 ) derived　for　the　description　of　the
long-time evolution of ａ slowly-modulated wavetrain is closely
related to the above third-order resonant interaction.工ｎ fact
eq. (1 . 11 )　can　be　der ived　from　the　above　Benney's　equation　on　the








Sol ｉ tary　　waves　in　shal low　ｖａter　have　been　studied　by　many
research workers and are typical examples which exhi bit　　soli ton
phenomena in small ampli tude　〔８２〕．
］：ｎthe present chapter, the reflection problem of ａ
soli tary　wave　at　ａ　rigid　vertical　　wall　　is　　solved　　numerically
under the assumption that the fluid is inviscid. Then, the
problem IS equivalent to that of head-on collision between two
soli tary　　waves　　with　　the　　same　　ampli tude.　Head-on　collisions
between two ｓと)1i tary　waves　were　investigated　by　several　　authors
by means of perturbation methods 〔．５５〕，〔５６〕，〔58] ,　〔８３〕，
Benney and Luke〔８３〕 gave ａ systematic expansion
procedure although thei r　　final　　results　　for　　the　　reflection
problem of ａ soli tary　　wave　　are　　incorrect.　Byatt-Smith　　〔５５〕
obtained 七he second order solution for the head-on collision of
two soli tary　waves　on　the　basis　　of　　an　　integral　　equation　　for
unsteady surface waves. The　solution　gives　implici tly　the　phase
shifts of the soli tary　waves　due　to　collision. Oikawa　and　Ｙａ､］ima
〔５６〕introduced the phase variables into their expansion scheme
to give the ｅχｐ！icit　result　for　the　phase　shifts　and　　they　　also
investigated the interaction of the quas i-s imple　waves　in　ａ
general weak nonlinear and weak dispersive system. The phase
shift obtained by them becomes ｿこﾌ石ｔfor the reflection problem




and Ｅ流 the ampli tude　of　the　incident　soli tary　wave. Up　to
the second order of Ｅ， the theoretical solution of
　
the
reflection problem predicts that far after reflection the
sol ｉ tary　wave　undergoes　no　effect　of　the　　interaction　　with　　the
wall except for the phase shift ＶﾌﾌEi九and the wave changes ｉts
shape only during its stay near the wall。
　　　
The ｅχperiments　　on　　the　　head-on　　　col 1ision　　　and　　　the
reflection were made by Maxworthy 〔５７〕．In the experiments it
was found that the phase shift of the soli tary　　wave　　is
independent of the initial wave ampli tude　for　both　the　head-on
collision and the reflection in contradiction to the above
七heoretical results (see Fig.9). The　secondary　reflected　wave
following the pr imary　wave　vas　also　observed　for　ａ　　moderate　　or
large initial amplitude. Maxvorthy 〔５７〕 suggested two possible
reasons for this discrepancy between the ｅχperiment and the
above theories. First, the seal ing　　procedure　adopted　in　the
theories may be inappropriate for the present problem. Secondly,
if the seal ing　procedure　is　appropriate, the　higher　order　terras
in the expansion may be needed .　Recently, Su　and　Mir ie〔８４〕　gave
the third order solution for the head-on col 1ision　problem
through ａ perturbation method similar to that of Oikawa and
Ya jima　　〔５６〕．　　The　　solution　　contains　non-uni form　phase　shifts
which cause ａ distortion of the wave　form　of　Ｏ（曰）．　Then,　they
examined the time evolution of this distor ted　wave　and　showed
that it eventually recovers its original form with the shedding
of ａ secondary wave group which propagates with diminishing
amplitude. Through　this　　procedure　　they　　obtained　　the　　uniform










the phase shift still remains。
　　　　
］:ｎthe present chapter, we　examine　the　reflection　　problem
by solving the Euler equations numerically with high accuracy.
The numerica！ solutions permi t　us　to　determine　the　　validi ty　　of
the seal ing　　procedure　adopted　in　the　above　theories　and　of　the
approximate solutions. ］：ｔis also useful to compare the
numerical solutions with the results of the ｅχperlment in order
to find ａ cause of the discrepancy about the phase shift. Ａ
numerical study of the reflection problem was made by Chan and
street Ｃ８５〕．However, they laid emphasis on the ｎｕ“面erical
method itself, so　that　丿ｉｄ　not　pay　attention　to　the　phase　shift.
They did not find the difference between the wave form of the
incident wave and that of the reflected wave。
工ｎ § ２．２the formulation of the problem and the numerical
procedures are described along wi th　　the　　discussion　　on　　the
accuracy of the numerical solutions. The　numerical　results　for
the phase shift and the wave form of the reflected waves　　are
described and compared with the theoretical and the ｅχperimental
resul ts　in　§　2.3.　　　　　　　｀
§ 2.2. Numerical　Procedure　and　A_c c u r a c
2.2. 1　Formulation
The si tuation　　considered　　is　　　shown　　　in　　　Fig.3 The
undisturbed fluid depth is denoted by h. The　disturbed　free













to be inviscid and the motion to be
two-dimensional and irrotational. The　basic　equations　(1.1)　　can

















































where the dimensionless variables are defined by the relations
(X' ,z' )=(x,z)/h,　ｔ’＝　ｔ／（八/ｇ）|/剔　（ｕ≒ｙ）＝（ｕ,ｕJ）/（９/い１／２　and　ｐ’＝
p/pgh, and　ｇ　and　ｐ　denote　the　gravi tational　acceleration　and　the
uniform fluid densi ty　respectively. From　eqs.(2.1) and (2.2) the













































The boundary condi tions　on　the　rigid　walls　are　derived　by



















The dynamical condi tion (1.2b) at　the　free　surface　can　be　chosen
as
on Ｚ’＝ぐ≒ （ ぐ
under the neglect of the surface-tension effect.
工ｎ the remaining part of this chapter the pr imes　　　in
nondimensionalized variables are oraltte［ｊ．
2.2.2 Numerical procedure
　　
］:ｎ order to solve the reflection problem of ａ soli tary
wave, we　use　the　improved　MAC (　SUMMAC　）　method　　introduced　　by
Chan and Street 〔８５〕．In this method the values of the veloci ty
field (u,w) and pressure field ｐ are given at ｆｉχed points of
rectangular mesh, and　the　values　of　them　at　intermediate　points
are given by certain interpolation. The free surface is
specified
　
by ａ distr ibution　of　many　mass less　"marker　par tides '≒
The outline of the compu tational　procedure　is　　as　　ｆ０１１０ｗｓ　.　（ｉ）
The
　
initial values of (u,w,p ) and　the　ｉｎ土七ial　locations　of　the
marker particles are determined from the solitary wave ｓｏ！ution
described in the ｎｅχt subsection, (ii) The　values　of (u,u) at
the ｎｅχｔtime are calculated by means of the finite-difference
equations with 七he forward time and centered space di fference
scheme derived from eqs.(2.1) and (2.2). (iii) New　locations　　of
the marker par tides　　( new　location　of　the　free　surface　じ;　are
determined from this nev veloci ty　field, (iv) New　　values　　of　　ｐ
are obtained by solving the Poisson eq.(2.4) under　the　boundary
Condi tions　ぐ２．６几　(2.8う　and (2.9)　The　procedure　(11)～（ｉｖノ　　is
repeated as many as necessary.
２．２バ
　　　　
The initial data is given by the Ｓ０１ｉtary　wave　solution ,
１ｔ being required to be accurate enough to obtain the solution
of high accuracy. For this purpose, we　used　the　ninth　order






























Here £ is the ratio of the ampl ｉ tude　of　the　wave　to　八, and　エｏ　is
the location of the peak of the initial wave, and　びｏ　is　the
veloci ty　of　the　wave .　He　obtained　the　coefficients　ぐり. Oi　and　凪
numerically, and gave the procedure for obtaining the
coefficients ｕりｋ and 仙小．　　We calculated these coefficients
explici tly　　and　　found　　that　the　solution　is　not　so　accurate　for
large Ｅ though it includes many higher order terms. We　used　this
solution only for £≦0.2, because for £ in this range the
solution is sufficiently accurate for our purpose. The values of
ｐ vere calculated through Bernoul1i ’ｓ　equation.
2.2.4. Accuracy　of　the　calculations
　　　
The reflection problem was solved for Ｅ ＝ 0.05～0.2, and
the head-on collision problem of two sol ｉ tary　waves　　wi th　　equal
amplitude Ｅ ＝ ０．２ was also solved in order to check the resul ts
of the reflection problem. 　Ｖｅ　defined　λ　as　the　difference　of　two
values of エ for which ぐ ＝ ｓ／２ for the initial soli tary　wave. The
values of the mesh size Ａエ were chosen so that λ／△エ≒３２． Much
larger value of λ／△エwas chosen for ａ comparatively smaller Ｅ in








the approximate stabi1i ty　cri ter ion　△１く２△・△ｚ／（△エ十△ｚ）．
The initial distribution of the marker par tides　was　　taken　　for
the X coordinates of them to have the equal interval △:t/4. The
values of ・ｏ and Ｌχ　were chosen so that the vertical wal Is　　have

























Fig. 4- Profile of　the solitary wave propagating　in　the　region　far　from　the
vertical walls. £ニO･２･ｘOニ34.6･L1 ニ48.6･△t°〇･〇〇39･△ｘニＯｊ６･△ｚ
-
- 0｡022. ： Wave profile at　ｔ＝　１８．８．--：　Deviation of　the
― 29 ―
wave profile from the steady soitary wave solution.
　　　　
As ａ preliminary calculation, we　ｅχamined　the　evolution　of
the sol ｉ tary　wave　wi th　Ｃ　＝　０．２　given　in　the　previous　subsection
in the region far from the vertical walls. The　　profile　　of　　the
wave （ propagating to the left ）ａｔｔ ＝ 18.8 is shown in Fig. 4-.
The broken 1ine　denotes　its　deviation　　from　　Fenton "s　　solution.
The value of maximum deviation ０.0003昿 or 0.04£3 indicates that
the wave propagates wi th　ａ　negligi ble　ｄｉｓ七〇rtion.　The　　obtained
wave speed ｌ。0939　agrees　wel ｌ　wi th　びｏ　＝　1.0943。
























Ｚ and Ｑ decreased slowly in all calculations .
＼ｌｅ　suppressedthe decrease of them by the choice of sufficiently
small △ｔ． The relative decreases of them at the end of each




























Fig. 5 Wave profiles　resulting from　the reflection at　the vertical　wall, c
-








ｓ01i tary wave solution.　゜‥‥‥‥:　Deviationof　the wave profile at　tニＯ　in
the time-reversal solution from　the　initial　ｓ０１ｉtary wave 。
§ 2.3. ResuIts　and　D i S C U s si nn
　　　
The numerical results　about　the　reflection　of　the　solitary
wave with £ ＝ ０．２at the vertical　wall　are　shown　in　Fig.5.
The
wave profiles at several instants are drawn with solid 1ines .
Small distortion of the reflected wave was found and wi 11　be


























・△:results for head-on collision　j　i　　l
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i jtheo｢etical result by Byatt-Smith





















The values of wave run-up on the vertical wall in the
present calculations agree wel ｌ　　with　the　theory　and　with　the
numerical results of Chan and street 〔８５〕（ see Fig.6 ）． The
calculated value for £ ＝ ０．２１ｓ 0.424, while　the　corresponding
theoretical values of the second and third order ａｒｅ･･Gr-420 and
0.426 respectively. The ｍａχimum wave ampli tude　for　the　head-on
collision of two soli tary　wave　wi th　Ｅ　＝　０．２　was　0.423,which　　is
consistent wi th　the　case　of　reflection.
２バ
The phase shifts were computed from the data of -^maxｌ the
エーcoordinate of the peak of the wave. The　val ue　　of　　ｌｍａχ　　varies
during the reflection as is shown in Ｆｉｇダ
3m^ax　can　be　written　approximately　as　''-max　　°　　-Cit　　十　　di　　(before
reflection) and ｌｍａχ＝ Cj-t　　十　　d.　　(after　　reflection ).　The
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of least-squares .　The　veloci ties　Ci　and　Cr are　shown　in
Fig.8. The　values　of　Ci are　close　to　the　theoretical　values .　　On
the other hand, the　values　of　Cr are　siightly　larger　than　those
of ｃｉ・The reason　for　this　is　probably　that　the　　reflected　　wave
continues to change its profile very slowly and Cr is determined
from the posi tion　of　　the　　peak　　of　　the　　slowly　　varying wave.
strictly speaking, the phase shift varies in time. However, it
is approχimately constant in ａ considerably long interval far
after the reflection. Therefore, we　define　here　the　phase　shift
β by the relation β ＝ -c^di/c-j － ｄｒ．］：ｔis such ａ quanti ty　　that
was measured as ａ phase shift in the experiment. The　calculated
results of β are shown in Fig.9 and seem to vanish as ｃ tends to




than the theoretical results. The　　phase　　shift　　for　　the
head-on
　
collision with Ｅ ＝ ０．２agreed well wi th　that　for　the
corresponding reflection problem. These　r esul ts　　show　　that　　the
reason
　　
for the discrepancy between the ｅχperlment and the
theories for the phase shift
　
cannot be attributed to
inappropriateness of the scaling adopted in the theories. In
fact, the　veloci ty　fields　obtained　　in　　our　　computation　　always
satisfied the scaling. Maxworthy's 〔５７〕 order-of-magni tude
argument to ｅχplain for the phase shift to be independent of Ｃ
is invalid because according to his argument, the　phase　shift
will be Ｏ（ｃ－１／２）ｉｆｌむis Ｏ（Ｅ３／２）ａｓassumed in the theories.
2.3.3 Distortion of the reflected wave
　　　
工ｎFig.5, the　broken　1 ines　designate　the　deviation　of　　the
wave form of the numerical solution from that of the initial
soli tary　wave　shifted　in　the　エーdirection　so　as　to　have　the　　same
value of エ回い 工ｔis noted that the deviation at ｔ ＝ 23.9 (after
reflection) is　　much　　larger　　than　　that　　at　　ｔ　　＝　　１．９　(before
reflection) and the deviation at ｌｍａχis negative after
reflection. Maχimum　value　of　the　magnitude　of　the　deviation　　and
the magni tude　of　the　devi ation　at　Ｊｒｕχ　are　decreasing　very　slowly
in time. The　part　of　the　deviation　behind　the　main　wave　tends　to
go slowly away from the main wave. These　properties　of　the
reflected wave were found also for smaller Ｅ and for the head-on
collision of two waves。
工ｎorder to show that the distortion of the reflected wave
observed above IS not due to the numerical error, we　made　for　　Ｅ





＝ Ｏ with the initial solitary wave. The　deviation　of
the wave form is designated by the dotted line in Fig.5 (a ) .
　　　　　
Consequently we conclude that the distortion of
profile of the reflected wave　　does　　ｅχist,　　However,
the
the
computations suggest that the distortion　is　at　most　Ｏ化３）．Ｔｈｉｓ
resul t　is　consistent　with　the　third-order　theory　of　Su　and　Mir ie
〔８４レ However ,　　the　　form　　of　　the　　reflected wave　　in　　our
calculation IS different from the wave form predicted to emerge
immediately after the reflection in their theory. The　time
evolution of the reflected wave IS so slow that the information
about the asymptotic state of It vas not obtained in our
calculations The mos t　　acceptable　　prediction　　IS　　that　　　the
distorted reflected wave evolves to ａ steady soli tary　wave　with
shedding ａ secondary wave behind ｉし The ampl ｉtude　　of　　this
soli tary　　wave　　is　expected　to　be　slightly　less　than　that　of　the
incident wave in consideration of the wave energy (　　As　　far　　as
the ampli tude　　of　　ａ　　solitary　　wave　is　not　too　large, the　wave
energy increases monotonically as the ampli tude　increases　）．　As
the shedding of ａ secondary wave accelerates the mam wave,
which reflects that Ci ぐ ｃｒ・ it decreases the phase shift.
Therefore, ａ sufficiently long time computation would have
produced ａ little lower values of phase shift than our .　Our
numerical computations show that the theoretical approximate
solutions are val id　for　sufficiently　smal 1　Ｅ　and　the　discrepancy
of the theory and the experiment for the phase shift cannot be







§ 3.1. In troduction
　　　　　
We are concerned with the problem of obi ique　reflection　of
soli tary　waves　at　the　wall　in　shal low　　water .　This　　problem　　is
very interesting in consideration of ａ close relation to the
problem of two-dimensional interaction of soli tary　waves .
Let C| and £２be the non-dimensional ampl ｉtudes　　of　　two
solitary waves （ divided by an undisturbed depth ), and　Ｑ　be　the
relaし1 ve　inclination　　between　　the　　normals　　of　　these　　Ｓ０１ ｉtary
waves . Theoretical treatment of the oblique interaction of two
soli tary　waves　differs　according　as　sin2(<7)/2)≫剛,２　or　ジ＝　０（こに）．
Miles;58〕 called the former case ■weak　interaction≒　and　the
latter case 'strong　interaction≒
　　　
工ｎ the case of　　ｗｅａｋ interaction, the first order
approximation can be described simply by the superposi tion　of
two solitary waves 〔５８〕， 〔８３〕。
However ,　　if　　丿=O(.e＼.zハ　　　the　　weak　　interaction　　approach
breaks down. The　equations　which　describe　strong　interaction　are
similar to the two-dimensional K-dV equation. Chen　　〔５９〕　　found
the Backlund transformation for the two-dimensional KdV
equation. Satsuma　〔６０〕　solved　the　two-dimensional　KdV　　equation
to obtain an N-soliton solution。
Miles〔５８〕 also obtained an explicit solution, which　is
equivalent to that obtained by Satsuma, for　　s trong　　interaction




describes singular behaviour when Ｑ is sraaller
　
than ａ
certain cri tical　　angle　and　that　the　resonance　condi tions　among
three sol ｉ tary　waves　are　satisfied　at thi｡Ｓ　critical　angle。
　　　　
Ya jima　et　ａＺ，〔８６〕　showed　that　the　previous　situation　for
shallow water waves is quite analogous for 土on-acoustic waves。
］：ｎthe theoretical し
reflection of ａ soli tary　wave　IS　interpreted　as　ａ　　special case
of the obi ique　interaction　of　sol ｉtary　waves　【　that　is , e】＝　こ2
＝ ε ＝ ａ/ｈ　and 印 ＝ ２α for the reflection problem, where　ａ　is　　the
ampli tude　　of　　an　　inciden七　　soli tary　　wave , h　１ｓ　an　undisturbed
depth, and　Ｃ¥　is　the　angle　of　incidence　). We　call　　the　　case　　of
（x≫石 （ which corresponds to weak interaction ）ａｓ'non-grazing
reflection≒ and the case ｏｆ（ｘ＝○（万万）（which corresponds to
strong interaction ）ａｓ 'grazing　reflection' in　this　chapter.
The theoretical solution for non―grazing reflection is
derived from that for weak interaction, and it describes an
incident soli tary　　wave　　工　　and　ａ　reflected　soli tary　wave　Ｒ　far
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Regular reflection (non-grazing reflection); (b), regular




angle which corresponds to the cr itical　angle　　in　　the
previous resul ts　　for　　sLrong　　interaction　　is　　ＶΞこ　　for　　the
reflection problem The grazing reflection solution for （ｘ＞毎
obtained
　
by Miles also describes ａ regular reflection pattern
(see Fig.lO(b)). However, there　is　ａ　stem　　of　　the　　length　　Ｏ（１）
perpendicular to the wall.
　　　　
０ｎ the other hand, it　was　shown　by　Miles　Ｃ５８〕　that　the
solution becomes singular for cx<■^J3cunder　　the　　assumption　　of
regular reflection. For　this　case, he　predicted　in　consideration
of experiments （ Per roud　187:　；　Wiegel　〔８８〕　)that　the　singular
solution does not appear really, but that ａ resonantly
interacting solution appears as an asymptotic solution for the
ini tial-value problem of reflection 〔６２〕． The resonantly
interacting solution describes three solitary waves' I, R　　and　　Ｍ
(see Fig.10(c) ) and　is　cal led　ａ　'Mach　reflection' solution, and
Ｍ IS cal led　ａ　'Mach　stem'. The　intersection　of　these　waves ，Ａ　in
Fig.lO(c), moves away from the wall along ａ straight 1 ine　with
the angle β to the wall contrary to the case of regular
reflection. This solution. however, satisfies the boundary
condi tion　　of　　zero　　　normal　　　veloci ty　　　at　　　the　　　walｌ　　　only
asymptotically, and It IS not clear whether the Mach stem
appears and has the prof i le　of　ａ　true　　Ｓ０１ｉtary　　wave　　vhen　　the
ini tial-value　problem　is　solved。
Recently Melville 〔６３〕 made experiments on this problem.
He obtained the cri tical　angle　which　is　close　to　征through　　ａ
double ｅχtrapolation of the measured data. However, the　measured
maximum run-up on the wall and the profile of ａ reflected wave





In this chapter ,　the　　ini tial-value　　problem　of　obi ique
reflection of ａ solitary wave shown in Ｆ土呂］１ is solved
numerically in order to make it clear whether the Mach
reflection solution predicted by Mi les does appear
asymptotical ly　　if　（ｘ＜厩　ａｎｄ　　to　examine　the　behaviour　of　the
solution for ａ wide range of ａ． In § 3.2, 七he initial and
boundary value problem to be solved IS presented. The　numerical
procedure for the problem is explained in § 3.3. The　results　　of
the numerical calculations are descri bed　and　compared　Wl th　the
Miles' prediction　and　with　Melville■s　experiments　in　§　3.4. Then




Ｍｅ　　ａｓｓumethat the fluid is inviscid and incompressible,
and that the motion is i rrotational.　Let　　（エ，リ）≡（ｔエ■　，ｕｊり　　　and
こ≡hz be horizontal and vertical co-ordinates, t≡If /･√ｊ７　the
time,ぐ≡aC' the free-surface displacement and φ≡比φ≒/万万７７the
velocity potential ,　where　　ｈ　　is　　an　undisturbed　depth,　Ｚ　is　ａ
characteristic wavelength and ａ is ａ characteristic ampli tude.
Then the parameters relevant to the problem are Ｅ ＝ ａ/ｈ　and ６ ＝
九2/ド． As we are concerned vi th　shal low　　water　　waves of　　small
arapli tude,　we　　assume　　that　６／£　＝　〇(1 ) and　£≪1 . Neglecting　the




































































under the neglect of the surface tension
　
Here /･ is　the
nondimensional veloci ty　potential　at　the　bottom .
　　　

















































up to 0(e), where　∂／∂ｎ　implies　the　　normal　　derivative　　to　　the
vertical wall.
工ｎone―dimensional case of ａノ∂ﾘ＝０，　the　following　solution















均（ ≡Ｚ・Ｏ’） is an initial posi tion　of　the　　soli tary wave .
This solution IS taken as the initial Condi tion.
§３．３The Numer ical　Procedure
　　　　　
Evolution eqs.(3.1) and (3.2) for　ｙ　and　ジ are　integrated
with ａ fini te-difference　method　under　　the　　boundary　　condi tions
(3.3) and　the　initial　condi tions　（３　４）．
工ｎ eqs.(3.1) and (3.2) space der ivatives were
approximated using centered differences, and　the　time　　evolution
was calculated wi th　the　method　which　IS　similar　to　the　leapfrog
method. Calculations　were　made　m　ａ　rectangular　region　which　was
transformed from the region shown in Fig.11 by cer tain　conformal
mapping. Certain　non-uniform　mesh　size　which　is　finer　　near　　the




ａ smal 1　　amount　　in　　order　　to　　avoid　　the　　singular i ty　　of
coeff≒icients of the difference equations at the corner ｏ caused
by the mapping. The　detaiIs　of　the　procedure　　are　　descri bed　　in
Appendiχ．
　　　　
］:ｎ one series of calculations (Series　A), the　region　of
calcu！ation was restricted by ａ fixed boundary where the
condi tions　(3.3) were　imposed (see　Fig.11).工ｎ　another　series　of
ｃａ!culations ぐSeries B), the　r igion　of　calculation　　was　　shifted
according as the movement of the wave to save computational
works .工ｎ　this　case, the　boundar les　AB　and　　CD in　　Ｆｉ９］１　　were
shifted to the right by one mesh size when the vave traveled to
the right by one mesh size. The　values　of　/' and　ぐ　at　　the　　old
AB boundary were used as　　those　　at　the　new　AB　boundary. The
boundary condi tions　. (3.3)　were　　also　　imposed　　on　　　the　　　new
boundar ies　　AB　　and　　CD.　Furthermore、　the　boundar ies　were　kept
sufficiently far from the 'interaction　region≒　the　region　where
an incident wave and ａ reflected wave　　（　and　ａ　Mach　stem　）
interact, so　as　not　to　affect　the　development　of　the　wave　in　the
interaction region.
For most calculations・the posi tion　of　an　initial　wave　・０
was taken ａｓ５．６冊ﾌﾌﾌ．　Since　the　variation　　of　　the　　ratio　　らノＳ
changes only the scales of the normalization of the horizontal
co-ordinates and of the time, the ratio can be chosen
arbi trari ly　　if　　it　is　Ｏ（１）．Ｔｈｅ　ratio　was　chosen　as　0.75　or　0.２
１ｎ the present calculations.
- ４２ -
　　　　　　
The accuracy of calculations was checked up with two
methods. First, the initial wave (3.4a) is　expected　to　travel
along the wall BC in Ｆｉｇ］ｌ at the veloci ty　(3.5)　wi thout
changing ｉ ts　shape　so　long　as　the　dis tance　between　BC　and　AO　is
not small. Deviations　of　the　mean　　veloci ties　　on　　BC　　from　　the
theoretical value (3.5)　were　less　than　0.2%. The　wave　ampl ｌ tude
on BC increased slowly with the time, but　the　　deviation　　of　　it
from the initial ampli tude　was　less　than　３が. This　increase　of
ampl！ tude　seems　to　be　due　to　numerical　error　because　the　rate　of
！ncrease decreased as　the　mesh　size　decreased。
Secondly, １ｔ is shovn from eqs.(3.1) and　(3.2) and　the
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are conservative quanti ties　which　correspond　to　the　ｅχcess　　mass
of fluid and the wave energy ,　where　the　terms　of　〇（ｃ２）ａｒｅ
neglected in the expression of Q. The　variations　of　Ｚ　and　Ｑ　were
less than 0.23が and 0.75ぶ respectively in the calculations of
Series A. On　the　other　hand, the　values　of　Ｚ　and　Ｑ　vary　wit
time for the calculations of Series B. The　results　of　Series　Ｂ，
however, agreed　well　with　those　of　corresponding　calculations　of








Calculations were made for Ｅ＝0.05～０，２ and for a=-/40～
t:/3, and　the　proper七土ｅＳ　of　the　solutions　were　examined　土ｎ　detail
for Ｅ ＝ 0.05. Fur thermore,　the　　r esul七ｓ　　are　　compared　　with
Melville's experiments .
３．４バ Reflection pattern
Figure 12 (a)～(d ) shov　the　time　evolution　of　the　surface
displacement ぐ･ for　the　oblique　reflection　of　ａ　　soli tary wave.
This calculation IS made Wl th　Ｅ　＝　0.０５　and　ａ　＝　z/6,and　then　the
ratio ａ／へ／ＥＦ⊇is 1 .35. A　reflected　wave　appears　and　develops　into
ａ straight stems. The　run-up　at　the　wall　increases　monotonically
with the time and tends to ａ certain constant The intersect！on
of an incident and ａ reflected wave continues to be close to the
wall thus the solution represents the regular reflection
pattern. Figure 12(e ) shows　the　theoretical　grazing　reflection
solution for the same values of £ and ｃχ．
Ａ similar calculation is shown m Fig.13 for Ｅ ＝ 0.0５ and
ａ ＝ 7r/20 (　these　parameters　satisfy　the　condi tion　ａ＜厩　). In
this case, the　intersection　of　an　incident　and　ａ　reflected wave
moves away from the wall contrary to the resul t　in　Fig.12, and　ａ
Mach stem develops to join this intersection to the wall .　Then
the solution represents the Mach reflection pattern and
approaches the solution predicted by Miles for ａ＜宍こ
Ｆｉｇバ3(e) ）．
shown in
In most calculations the solutions have reached stationary
states, Here　ａ　solution　is　considered　to　be　　in　　the　　stationary
state when the val ues　　of　the　ｍａχlmum　run-up　at　the　wal １， the





Fig』2. Time evolution of free-surface displacement which represents regular　reflection
pattern (e = 0.05, 8 = 0.01, and a=7r/6). Solid curves represent the contour lines of Ｃ
of constant intervals （ぐ■= 0.1, 0.5, 0.9,...), and the contour line with △represents
ぐ’＝
　
－0.07. (a), じ = o; (b), f = 10; (c),じ＝20;（d），t’＝30（tｈｅ solution has
reached ａ stationary state at　t’＝　30). (e), Theoretical　solution　with　the　same
parameters predicted by Miles.
Fig.13. Time　evolution　of　fｒｅ←surface displacement which represents Mach reflection
pattern (e = 0.05, o = 0.01, and a=K/20 ). Solid curves represent the contour　lines　of
ぐ of constant intervals (ぐ’＝　0.1, 0.5, 0.9,...), and the contour line with△
representsぐ･ = -0.07. (a), f =〇; (b),じ＝50;　(c),　じ　＝　105　(the　solution　has
reached ａ stationary state at　f =: 105); (d), f =　150. (e), Theoretical　solution with





on the time （ although the tip of the reflected v/ave
continues to advance ），
The
　
time Ｔsh／Ｊａｇ　「equiredto reach the stationary state since
an incident wave passes the 1 ine　ｌ　＝　Ｏ　in　Fig. 11　is　shown　in
Fig. 14　for　Ｅ　ニ　0.05.　The　value　of　Ｔｓ　　contains　　ａ　　fairly　　large
margin of error because it is diff icu！ｔ　to　determine　when　the
solution has reached the stationary state Wl thout　ambiguity. The
ｖａ工ue of it is about ２００へ，４００ｉｆ［ｘく斤‾， and decreases rapidly
as ａ increases if ａ＞征．
　　　　
］：ｎorder to classify the solutions into regular and Mach
reflection, we introduce ａ time-dependent var iable　ｑ＊　＝　雨ﾌこ
which １Ｓ the distance between tvo points Ａ and Ｂ m　　Fig.10 (b )
and （ｃへ Here ,　Ｂ　is　the　point　of　ｍａχimum　run-up, and　Ａ　is　the
intersection of the cres七 1ine　　of　　an　　incident　　wave　　and　　the
normal to the wall at the point B. The　solution　IS　concluded　to
be of regular reflection type if （７ tends to ａ constant
asymptotically and be of Mach reflection type If q　increases
1inearly with 七he time asymptotically。
　　
The results of classification of the solution for each
pai r　　of　（ｃｘ，こ）　are　shown　in　Fig.15. The　results　are　consistent
with the boundary line ａ ＝
往 predicted by Mi les　when　£≦0.2.
工ｆ ａ is slightly larger than ＶΞで， the theoretical
solution for grazing reflection implies that ｑ diverges
logar i thmically　as　a　tends　to　几工ｎ　this　case,　the　　solution
describes ａ 'Mach　stem' in　the　vicini ty　of　the　wall　although　the
intersection of an incident and ａ reflected wave does not move
away from the wall. The calculated values of ｑ for a>厩
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Fig.14. The　time required　to reach　the stationary state since an　incident
wave begins　to be reflected, e = 0.05
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Reflection patterns of　the solution for　each pair　of parameters
(£,a). O:Mach reflection.　χ: Regular reflection. The solid　line　is




the theoretical values .
　　　　　
The angle β in Fig.10(c) may be calculated from the
asymptotic values of dq'/dt and the veloci ty　of　the　point　Ｂ　バ　　β
＝ Ｏ for regular reflection ）． The values of β are shown in
Fig. 16　for　Ｅ　＝　０　05.They　increase　1inearly　as　a　decreases　　from
へ匹to zero and agrees well with Miles' prediction　β　＝　Ｖ⊇ﾌﾐi（　1
－。ノて ）。
３．４、2.The　ｍａχifflura　run-up　at　the　wall
The ｍａχimum run-up at the wall is the mos t　　interes ting
quanti ty　　partly　because　it　is　important　in　the　inves tigation　of
the reflection of ocean wave and partly because Mi les　　predicted
that It IS much larger than that in　1inear i zed　theory　when　ａ　IS
close to 忌The　maxintum　run-up　at　the　ｗａ１！　ａぐ:ａＪ（り　　increases
monotonically with the time and then tends to ａ constant
aDproximately for most calculations (　see　Fig. 17　as　examples　　）．
We define 七his asymptotic value as the ｍａχimura run-up at the
wall for s tationary　state　ａらnx- The　value　　of　　it　　is　　shown　　in
Ｆｉｇ］８ for £ ＝ 0.05. If　ａく毎にhen　ら。　decreases　to　ｌ as a
decreases to ｚｅｒｏ（corresponding to ａ wave moving parallei to
the wall ）　and　agrees　ｗｅ！１　with　Miles' resul t　し１＝ａ………ｊＦ⊇）２．　０ｎ
the other hand, if　the　value　of　ａ∧／Ξ⊇　is　ト３～２．乙　then　ぐ。ａエ　　is
slightly larger than ２（ the val ue　in　1inearized　theory　) and
agrees better with　the　resul t
i max　＝　２　＋　Ｅ〔　　3/(2sin2a)　－　　３　　＋





Stationary state was not attained when ａ is close to
厩
（ ・ノ厩 ＝ １ ０１ and 0.81 ） owing to the limitation of
computational works. In　this　case, the　　values　　of　　^ max　　at　　the
一 一 一 一
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Theoretical values predicted by Miles
te'
Fig.17. Time evolution of maximum　run-up　at　the　vail　for　Ｅ　＝　0.05.
Horizontal co-ordinate IS the non-dimensional
　
interaction time じｅ ＝
仙石/ん（ねis the interaction time of an incident wave with an oblique
wall. When the crest　line of an incident wave passes　through　the　lineχ＝
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Fig.18. The ｍａχimumrun-up at　the wall　and　the　amplitudes　of　reflected
wavｅｓ　for
　
Ｅ ＝ 0.05.０: Calculated maximum ｒｕｎ－ｕｐ.（○）:Calculated
unsaturated ｍａχimumrun-up　at　the　largest　time　of　the　computation.
Theoretically predicted ｍａχimumrun-up for　grazing reflection.
Theoretically predicted ｍａχimum run-up for non-grazing
一50-
㎜●-●
reflection. χ: Calculated amplitudes of reflected waves.　　（χ）:





time of the computation are considerably larger than ２
and are increasing slowly (　see　Fig. 18　). Then　ぐ,に　　is　　inferred
to be close to that of Miles' prediction。
　　　　
The value of Cniccr＼i)　　at　the　larges t　observation　time　in
Melvilie's experiment was much sraaller than the theoretical
value although measured 弓。け) increased　slowly　at　that　time　for
most cases. Furthermore, measured　ｊａエ（り　increased　monotonically
as ａ increased。
The values of 弓。(t) in　Melvilie's　ｅχperiments　and　in　the
corresponding calculations Eire shown as ａ function of the
co-ordinate along an obi ique　wall　in　Fig.19. The　measured　values
agree fairly well wi th　　the　　calculated　　values .　However,　the
calculated values of 弓。け） continue to increase for the
interaction time of ７ or ｇ times as long as the largest
interaction time in the ｅχperiments .　Therefore,　１ｆ　　the
experiment with ａ little larger observation time is made ,　ａ
little larger value of Ct,ax(t) may be obtained (　al though　much
larger observation time does not necessari ly　　give　　the　　much
larger value of it as is discussed in § 3.4,6 ）．
3.4.3 The behaviour of reflected waves
Figure ２０ shows the examples of prof i les　of　the　surface
elevation along the crest line of ａ reflected wave (　and　ａ　　Mach
stem
）
At the first stage of interaction of an incident wave
wi th　ａ　wall, the　profile　such　as　the　broken　　1 ine　　is　　obtained.
The ampl ｌtude　of　ａ　reflected　wave　IS　ｎｏ七　defined　for　this　case .
After the sufficiently long interaction time, the　　profile　　such
as the solid line appeａｒ　ｓ　.　＼Ｊｅ　define　the　surface　elevation　at
















Ｆｉｇ、19.Maximum run-up at　the wall　in　the　present　calculations　and　in
Melville's ｅχperiments for each value of　the non-d i mens i ona1　distance
divided by ｈ along an oblique wall　from　the corner. Open jSUffiibols　denote
experimental results. Solid symbols denote calculated results. ●ａｎｄＯ:
£=0.1, a = 10°(experiment), 9° (calculation).▲ａｎｄ△:e = 0.1, cχ　＝



















Fig.20. Representative profiles of the surface elevation along､仙ｅ crest
line of ａ reflected wave (and ａ Mach stem). The horizontal ｃｏべ3rdinate１Ｓ
the distance from the point of ｍａχimumrun-up at the wall along the. crest
line of ａ reflected wave (and ａ Mach stem). ―一一:　The profile at　small







































Fig.21. Time evolution of　the profile of the surface elevation along　the
crest
　
］Line of ａ reflected wave. £ = 0.05 and （χ=7r.5 {a/Jﾐﾐi:　= 1.62)
corresponding to regular reflection. Horizontal　ｃｏべ)rdinate　is　the　same
as that in Fig.20. The lines are for the interaction time 仙 ＝
5.08h･ノスバ5.∠□ｈノ悩，‥. of the same　interval .,.
｀ ／ ゛
Fig.22. Time evolution of　the profile of　the surface elevation along　the
crest line of ａ Mach stem and ａ reflected wave. eこ0.05 and（χ= 7r/13
（ぺぷし=0.62 ) corresponding　to Mach reflection.　Horizontal　co-ordinate
is the same as　that　in Fig.20, The !ines are for　the interaction　time　榴




wave at that time　and　wr i te　it　as ａぐ十ｒ（ｔ）。
　　　　　
The obtained values of ａぐ卜(t) increase　monotonically　with
the time and approach to cer tain　　values、　　索　　define　　this
asymptotic value as the ampli tude　　of　　ａ　　reflected　　wave　in
stationary state and wr i te　it　as　ａぐｒ．　The　value　of　it　　is　　shown
in Ｆｉｇ、､１８for £ ＝ 0.05. 工ｔ is equal to the ampl ｉ tude　of　an
incident wave if ｃｘ＞Ｖﾐﾖこ，and decreases to zero as （ｘ decreases
from 厩to zero in agreement wi th　Miles' prediction　ぐｒ　＝
a2/ズ3c).
　　
Time evolutions of profiles of the surface elevation along
reflected waves （ and Mach ｓ七ems ) are　shown　in　Figs.21　and　２２．
When ｃχ＞Ｖﾐ五こﾌ，ａ Mach stem is not generated as is shown in Fig.21 .
This corresponds to the regular reflection. On　the　other　hand,
if a<J3e ａ Mach stem elongates with the time .　This　　represents
the Mach reflection pattern (　see　Fig.22　）　The　posi tion　of　the
tip of ａ reflected wave can not be determined definitely because
the surface elevation decreases very slowly along the crest line

















































Fig.23. The angle of reflection for Ｅこ　0.05.０:　Calculated　results.
(○): The unsaturated values at the largest time of the computation.











interaction time and is shown in Fig.23 for £ ＝ 0
05. If　α＞スT
then e. is almost the same　as the　angle　of　incidence.　０ｎ　the
other hand・the value of e. is independent of a and
agrees well
wi th　Miles' prediction　ｏｒ＝Ｖﾐてﾌ　if a<スﾌ
　　　　　　　
Figure ２４ shows the
profile of the surface elevation
across the crest line of ａ
reflected wave、　　When　　ａ＞且　the
profile which agrees well




Fig.24(a) ） Figures 24 (b) and (c) correspond　to　the case　of










after the sufficiently large interaction time, where　随’ｉｓ　the
horizontal co-ordinate along the normal to the crest 1ine　　of　　ａ
reflected wave. The profiles for insufficient interaction time
are not symmetr ic　and　represent　the　more　rapid　decrease　　at　　the
backward side of waves as IS shown by the tr iangles　in　Fig.24
　　　
Melvilie obtained "reflected　　wave　ampli tudes”which are
considerably sraaller than the theoretical values ｅχcept for
smal 1　　ａ．　　The　　effect　　of　　viscosity　　seems　　negligible　for　his
observation time as will be discussed in § 3.4..6.］: infer that
”the reflected wave ampli tude”obtained　by　him　is　the　surface
elevation at some point on the crest line of the reflected wave




Fig.24. Profiles　of ･the surface elevation across　the　crest　line　of　ａ
reflected
　
wave for　e = 0.05. Circles　denote　the profiles　of sufficiently
developed reflected waves at　the section where　the ｍａχimumvalues　of　them
agree with the theoretically predicted values. Triangles denote　the
profiles of　insufficiently developed　reflected waves. Solid　lines　denote
the profiles of an incident wave (in (a)) and of the reflected wave in
Miles' prediction (in (b) and (c)). Broken ｌines denote the profile of　a
Boussinesq solitary wave of the same amplｉtude　as　the　profile of
triangles, (a)・゜゛ソ6･ corresponding to　regular　reflection;　△，仙　＝
16.8hノ悩； ０，　tｅ　こ　ＩＺ.lh/^Jag. (b), a = 7r/13, corresponding to Mach
reflection;△, te = 39.Ih/.悩；　０，仙　＝　274hノ倆(c), a=7r/20　，








in the present ｃａ！culations for £ and （ｙ
corresponding to his ｅχperiments at the interaction time
estimated crudely from the contents of his paper （ see Fig.25
for ｅ）（゜raples ）．Secondly, the much nar r oｖｅｒ　　prof i le　　than　　ａ
Boussinesq soli tary　wave　of　ａ　reflected　wave measured　by　him　is
also obtained for the reflected wave at insufficient interaction
time as is shown by the broken ！ine and triangles in Figs.24 (b)
and (c). Therefore, the　larger　　interaction　　time　　seems to　　be
required for the measurement　of　fully　developed　reflected　waves
although the viscous effect may not be negligible then。
　　　
Melville considered the model wi th　　ａ　　reflected　　wave　　of
finite length. 工ｎ this model it is assumed that the surface
elevation var ies　as　ａ　step　function　along　the　crest　　1 ine　　of　　ａ
reflected wave and that the incident and reflected waves and the
Mach stem have the soli tary　wave　　prof i！es .　He　　determined　　the
length of the reflected wave by means of the conservation　of
mass and energy.　　The　　r esul t　　　is　　　inconsistent　　　with　　　the
conservation of momentum in the neighbourhood of the tip of the
reflected wave. For this reason, Melville　suggested　that　　Miles '
solution does not appear asymptotically. However, the　result　of
the present calculations differs from the assumption in this
model, and　the　calculated　ampl i tude　of　the　reflected　wave　agrees
with Miles" model. The　above　　inconsis tency　　seems　　due　　to　　the
defect of the model itself.
3.4.4 The behaviour of troughs
工ｎ the present calculations ａ trough appears behind ａ
reflected wave (　and　ａ　Mach　stem　）．Ｔｈｅ　depth　of　ｉ ｔ　at　the　　wal １























Fig.25. The profiles of　the surface elevation along　the crest　line　of　ａ
reflected
　
wave at the time which is inferred to be the largest
observation time in Melville's ｅχperiment. Horizontal　co-ordinate　IS　the
same as that　m Fig.20. One line is　for　e = 0.1 , a = Tt/1 and　interaction
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Fig.26. The time required for the attainment　of　the　largest　depth of a







incident wave passes through the line ｌ ＝
Ｏ in Ｆｉｇパレ The
values of Tt are shown in Fig.26 for ｃ ＝
Ｏ．０５．They increases
rapidly as ａ decreases to zero. The values
of dt are shown in
Fig.27 for ｃ ＝ 0.05. They　are　about　　０．３　　independent　　of　　ａ　　if
･＞厩二 〇ｎthe contrary, if　ａ＜べ/3e,　they　decreases　to　zero　as　ａ
decreases to zero （　corresponding　to　ａ　ｗ°７ｅ　moving　　parallei　　to
the wall ）． The trough travels more
slowly than the point of
maximum run-up. The　delay　of　the　trough　to　the　　crest　　increases
as （Ｘ increases. The　trough　was　observed　also　in　the　experiment
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　
ｉ
made by Perroud 〔８７〕 for ａ＞２０゛ although available data for
quantitative comparison were not given・
3.4.5 Mach stem
工ｎ all the solutions representing the Mach reflection
pattern, the　surface　elevation　on　the　wall　０Ａ　in　Fig.□　have　the
sech'^ profile which was predicted by Mi les　as　the　profile　of　ａ
Mach stem. As　an　ｅχample, the　r esul t　for　ａ　＝　て／２０　and　こ　　＝　　0.05
1ｓ shown in Fig.28 with the predicted values .
3.4.6 The estimation of the effect of viscosity
Although the accurate estimat土on of the viscous effect on
the obiique reflection phenomena is difficult, the crude
estimation may be possible if the theory for the viscous damping
of ａ one-dimensional soli tary　wave　is　used.
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Fig.27. The largest values of　the depth of a
　　　　　　　　
CO-ordinate along the wal I
Fig.28. Ｆrｅ←surface displacement on the wall　for Ｅ = 0.05, S = 0.01　and
（:x＝7r/20.Thewave is traveling to the right.χ: Calculated results at t’＝




water solitary wave of smal 1　　amplitude　　on　　the
assumptions that the flow １Ｓ laminar and that the thickness of
boundary layers is much smaller than the water depth and that
the diss ipative　and　dispersive　effect　of　viscos i ty　on　wave　　form


















where ｈ and ｂ are the depth and the width of ａ channel ， and　ｐ　is
the kinematic viscosity. This　law　was　derived　also　　by　　ott　　and
Sudan ［９２］ and by Kakutani and Matsuuchi ［９３］．Mi les〔９４〕　also
obtained ａ similar law .工ｎ　　his　　equation　　also　　the　　effect　　of







where Ｋ is ａ surface-contamination parameter and is chosen as ｌ
in the following。
　
We use the Miles '　formula　(3.6)　and　(3.8)　for　　the
estimation of viscous effect on the oblique reflection phenomena
as ａ crude approximation. Melville's　experiments　were　made　wi th
／ｌ＝ 20, 30cra　and　Ｅ　＝　0.1, 0.15.　The　　interaction　　time　　in　　his
experiment is inferred to be about ４ seconds .工ｆ　ｔ　＝　4sec。　ｈ　＝




damping of １.2％ of an initial wave ampli tude. If　/-　＝　4sec . ,
／ｌ＝ ２０ｃｍ，ｐ（○）＝ 3cm and と）＝ヽ・， the damping of ２．２が is given.
Therefore, the　viscous　effect　seems　negligible　in　his　experiment
although ｍａχimum run-up at the wall may be affected also by the
viscous dissipation in the boundary layer at ａ side wall 。
　　　　
工ｎ the present calculations for Ｅ ＝ ０ 05, the　interaction
七ime required for the attainment of the s tatlonary　state　depends
on a intensely　as　is　shown　in　Fig　１７．工f　（/ｿΞＴ　is　larger　than
1 .5, then　Ｇ。エ（卜〉is　saturated　approχｊ｡mately　in　　the　　interaction
time less than 20h/Jag, and　the　representative　rate　of　increase
of ぐおぐｎ is fairly ！arge On the other hand, if　ａ／√匹　is　　less
than 0.81 ,　the　interaction　time　required　for　the　saturation　of
Ｕむ（ハ 土ｓ very large （ more　　than　　２００ｈノ貼‾Ｊｙ　　），　and　　　the
representative rate of increase of It IS smal 1
Interaction times ２０ｈダス。ｄ ２００ｈｚ匹。orrespond to
15sec. and　150sec. respectively　if　we　use　　ｈ　　＝　　30cm　　and　　ａ　　＝
1 .5cm.工ｆ　九　＝　３０ｃｍ，ｐ（Ｏ）＝　1.5cm　and　６　＝・=。　Miles' formula　with
ｔ ＝ 1 5sec. and　亡　＝　150sec. give　the　damping　of　４Ｚ　and　３０応　of　　an
ini tial　　wave　　ampli tude. Therefore, １ｆ 八 is 30cm, the　viscous
effect on the ｏｂ！ique reflection phenomena seems approχimately
negligible for （ｌ／Ｖﾐこﾌ＞１．５．１ｎ other words measured ぐ;。エ（Ｏis
expected to increase rapidly to the value close to that obtained
from the inviscid theory before the viscous effect reduce the
wave ampli tude　appreciably. However,　for　　the　　Mach　　reflection
case ｏｆ。ダ厩<0.81 ,　the　viscous　effect　is　significant　if　ｈ　is
30cm. That is ,　the　　　viscous　　　effect on　　　已。け）　　becomes
non-negligible before Ｇａ（昌increases sufficiently, so　弓。（い
tends to the considerably smaller value than that of mviscid
theory, and　then　decreases .
― 62 ―
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Fig.29. The rate of increase of ｍａχimumrun-up at　the　wall　in　inviscid
calculations and the estimated rate of decrease of　it due　to viscosity
for h
　
＝ 30cm, and Ｅ ＝ 0.05. Circles and stars denote
(dぐ;。(t)/dt)/ぐじ(t). They　are shown as a function of interaction time
te. Solid line denotes -(dp(:tVdt)/p(t) based on eqs.(3.6) and (3.8)｡
(a), Circles　are for a=7て,13and stars are for a=7r/40, both corresponding
to Mach reflection, (b), Circles are for a=で/4 corresponding　to　regular
reflection.
　　　
Figures 29 ぐａ） and (b) show　the　viscous　effect　ａ　little
more definitely. The　circles　and　stars　　represent　　the　　rate　　of
increase of calculated 弓。（Ｏ per ｌ second for Ｃ ＝ 0.０５ and れ ＝
30cm. The　solid　line　shows　the　rate　of　decrease　of　　ｐ（Ｏ　　per　　ｌ
second based on eqs.(3.6) and (3.8) with　ｈ　＝　30cm, p(0) =　1 .5cm
and ｂ ＝・・（ this seems to be underestimation of viscous effect
in consideration of the existence of ａ side wall and the larger
values
　
of 已。エ（りthan ｌ in the real problem ). These　　rates　　are
normalized
　
by the values of 弓ａ and ｐ at the time when they are
calculated. When　α　＝　７ｒ／４（　・ノス　＝　２．０　),the　rate　of　　increase
of ｄａ（Ｏ is much larger than the viscous damping rate for the
most time of evolution. On　the　contrary, if　ａ　IS　　7r/13　　or　　7r/40






in the inviscid calculations for ａ～ぺ／石言seem unrealizable for
ｓｍａ！１£ in the laboratory experiments wi th　　the　　apparatus　　of
ordinary dimensions .　The　VISCOUS　effect　seems　relatively　small
for the large scale wave in the ocean .　Therefore,　ｔｈ･ｅ　　ｍａχimum
run-up at the wall may become much larger than twice of the
incident wave ampl i tude　m　the　ocean.
Appendix
　
Calculations were made in ａ rectangular region in the
（ど，刀)-plane ［－ぞ］≦ぞ≦ぞ2，－Ｌ≦ﾘ≦〇) which　was　transformed　from　the
region OABCD in the （・，り)-plane shown Fig. 11 This
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十 １， 切 ＝ ぐ十XTl .
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The corner ｏ in Fig.11 corresponds to the point 切 ＝ －£ｉ in the
（ぞ，刀)-plane under this ｅχpression.
　 　


































Here the primes in nondimensionalized variables were omi tted.
Since the coefficients P2, P3 . PA　diverge　as　μ　tends　to　zero, we
removed the boundary AOD in Fig. 11　inward　by　ａ　small　　amount　　Ｌ，
（ thus the actual calculation region is －と十≒≦?7≦〇）.
The finite-difference
approximation of eqs (3. A. 4)　１Ｓ














Ｅｐｌ〔（Åゴ）2 十（Åノ）2 〕-- ０
（３.Å.5a)
（3.Å.55 )
where △ｔ is the time increment for one time step ,　and　　丿心ｌ　　and
ぐ丿 are the values of 。ﾁ aﾞnd ぐ at ｔ こ（ｎ±1）△ｔ（ 戸 and ヴ are
abbreviated to ｙ and ぐ ） The symbols 心，街 etc. denote　spatial
difference operators defined ｉ“ the folio゛ing. We define fk。 ａｓ
the value of ｙ at the ｐｏｉｎｔ（Ｇ√nj），　ｗｈｅｒｅ（良，陶）　is　the　（ぞ川）
co-ordinate of the intersection of the た-th mesh 1 ine　of
constant ぞ and the i-th mesh 1 ine　of　constant　　η．　We　　introduce
the operators Ｔぐ and Ｔ，　which are defined as

















△ぞ is ａ mesh size in the ぞ direction. Moreoveｒ　,　ｙｅ　used
the following formula ：
へ．1/2,j＝
ﾑ（
ら,j ÷ ら。i,y ） ｅ比。
　　　　
In the ･りdirection, we　used　the　non-uniform　mesh　　size　　of
exponential s tretch　　in　　order　to　save　computational　works. The





wheｒｅ　^70is ａ posi tive　constant　and　７　is　　ａ　　constant　　which　　is
slightly larger than ｌ We used　the　ｆ〇rmula　of　Ａ,･日，　etc　　which
are 土ｎpr inc土pie　equivalent　to　Ａわ　日ぐ　ｅｔｃ・and　can　be　reduced　to
those corresponding to Ａり 日と etc. if　ｙ　＝　1. For　example,












We added ａ vi r tual　　mesh　outside　the　true　boundary. The
values at virtual mesh points were chosen so as to satisfy the
boundary Condi tions　(3.3)　at　　the　　true　boundary. We　used　the
condi tions







at the boundary of constant 右
かぐ -- ０ at the boundary of constant リ
corresponding to the boundary condi tions　(3.3a; and　　(3.3c)








so ve used the Condi tion
よ,Ｂ｡.f　＝０ at the boundary BC
At
the
On the other hand, the　condi tion (3.3b) for　the　boundary　AOD　　in


































the boundary of V=-L十乙ｒ． Similar condi tion　was　imposed　on
the boundary of constant ぞ
　　　　　　
The values of ぐIH-1can be calculated explici tly　　from　　the
values of c". c""'　　and　が　by　the　use　of　eq.(3.A.5aム　However, the
values of 戸川 can not be calculated explici tly　　in　　ｅｑべ3.A.5b),















工ｔ is well known that ａ strong interaction between long
and shor t　waves　occurs　when　the　phase　speed　of　the　long　wave　and
the group veloci ty　　of　　the　shor t　wave　are　matched, and　can　be
interpreted as ａ limi ting　　case　　of　　the　　three-wave　　resonant
interaction 〔95] ,　　〔９６〕　　　This　　interaction　　between　　ａ　　long
gravity wave and ａ capi1lary-gravi ty　vave　　was　　inves tigated　　by
Djordjevic and Redekopp 〔６９〕 for water of fini te　depth ． The
same kind of interaction between long and short internal waves
was investigated by Gr imshaw　　〔７０レ　　Both　of　them　der i ved　the




where Ａ is proportional to the complex amplitude of ａ shor t
and Ｂ denotes an appropriate quantity associated wi th　ａ
long wave, and　ａ，β　and　ｙ　are　constants. The　　variables　　ぞ　and　７
are the appropriately stretched spatial and time coordinates in
the frame moving at the group veloci ty　of　ａ　short　wave.
　　



























which are reduced to eqs . (4-.い　　through　　the　　transformation
φ＝Ｅｅ｀（ｔ／２‾幻，ぞ＝ｌ－ｔand て＝仁 were　solved　　exactly　　by　　Ya j ima　　and
Oikawa 〔９７〕 by using the inverse scattering method and shown to
have the N-soliton solutions .　The　　equations　　（４　い　　were　　also
solved by Ma 〔９８〕 in the similar way . Ma　and　Redekopp　〔９９〕
gave some another solutions of ｅｑｓバ４．Ｕ。
　　　　
工ｎ this chapter, we　ｅχamine　the　interaction　between　ａ　long
internal wave and ａ shor t　　surface　wave　！ｎ　ａ　two　layer　fluid
under the assumption that the fluid depth is sufficiently small
１ｎ comparison wi th　the　wavelength　of　the　internal　wave　　Then　ｉ ｔ
is found that the equations describing the interaction become
the same form as eqs.(4.1). The　derivation　of　these　interaction
equations is given in § ４．２。
Koop and Redekopp 〔１００〕 made the experiments on the
resonant interaction between long and shor t　internal　waves　m　ａ
rigid-1id three layer fluid. They mainly investigated the
interaction of　　Ｍａvetrains. Here, we ｅχamine numerically the
resonant interaction of long and shor t　　waves　　with　　localized
distr i｡butions.　工七　is　shown　in　§　４．３　that　asymptotic　states　for　ａ
class of ini tial　short　wave　packets　consist　　of　　coupled-soliton
solution and ａ steady solution composed of ａ long　ｖａve alone and
ａ dispersing wave composed of short wave alone. The　　interaction
between ａ soli ton　and　ａ　steady　long　wave　１Ｓ　also　ｅχamined。





We consider the wave propagation in ａ two-layer fluid
which consists of the upper layer vi th　　the　　densi ty　　副≡P2 ( 1 -△）
and the thickness /ll and the lower layer wi th　the　densi ty
ｐ２（ ＞ ／⊃|） and the thickness 心 （ see Fig.2 ）．Ｔｈｅ ｆ！uids are
assumed 七〇 be inviscid and incompressible, and　thei r　motions　to
be two-dimensional and irrotational. 工ｆ the dis turbed　　free
surface is specified by ｚ＝削十ぐ1(X, t ) ,　the　disturbed　interface　by
ｚ＝ぐ２（・，０and the veloci ty　potentials　in　　the　　upper　　and　　lower
layers by φ1(X,Z,り　and　φ２（Ｘ，ｚ，t　), 　ａnd　there　is　the　flat　rigid
boundary at こ＝一心， the bas ic　　equations　　and　　the　　　boundary
condi tions　are　given　by　eqs. (1 . 15).　ｒ｡
Linear approχimation of eqs. (1.15)　yields　the　solution
(1.16) and　dispersion　relation (1　１７）．Ｔｈｅ　relation (1　17) gives
the surface mode and the internal mode .　We　　consider　　the
interaction of ａ surface mode and an internal mode in the
shal low　fluid.　　We　assume　that　Ｅ≡ａ／λ≪卜　　λ/削～払　　的/隔～ｌ　and
λ／Ｚ≪１．Here ａ and λ are ａ characteristic arapli tude　　and　　ａ
characteristic length scale of the surface wave, respectively,
and Ｚ IS ａ characteristic length scale of the internal wave.　　We






c-(2+n)/3φ(吼 ( ｊ＝１，２ )
ぐj＝ Σε(2゛“)/3ぐす)
ｎ=0
（ j = ＼,2　）
(4.3a)
(4.3b)











エ，１ （ and ｚ ）． Substituting eq. (4.3a)　　into
eqs.(1.15) and　equating　the　coefficients　of　like　powers　of　Ｅ　, 　Ｖｅ
obtain ａ linear boundary value problem for φ（ｊ from the terms of
○（ε（”４‾２）／３）， Both for 0(0). and for φ（１１，ｔｈｅequati〇ns and the
boundary condi tions　　are　　given　　by　　the　　linearized　　forms　　of
eqs. (1 . 15).　We　assume　that　バO｝（　ゴ＝１，２　）　consist　of　ａ　long　wave
alone and バｌｌ（ j = ＼,Z　）ａ　short　wave　alone. Therefore, we　take
an ｄ
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from eqs. (1 .16),　where ．θ＝だエーωｔ，　　and　　た　　and　　ω　　satisfy　　the
dispersion relation of the surface ｍｏｄｅ（relation (1.17) with
plus sign ), and　c. c.　denotes　　the　　compleχ　　conjugate　　of　　the























































The compatibi1i ty　condi tion　for　these　equations　becomes
is the phase speed of the internal wave　in the　long
wave limit and is given by
削 十 八2
We assume た to satisfy the resonance condi tion　　ｃ９
condi ti〇ｎ　for　ｎｏ一seculari ty　in　Ｏ（£７／３）１ｅａｄｓ　to
.∂Å 1 。∂2Å
1一 十 －ω -＝ -aAB,
∂で ２ ∂ぞ2
where B=CP ,　and　　ｙ’　＝　　d2ω/dた２．　　　The　　constant　ａ　is　given　by



























where β is given by eq. (4.A.2) in　Appendiχ　A. The　equations
(4.12) give　the　desired　　ｃｏｕｐ！ed　　set　　of　　equations　　　Numerica！
computation shows that cχ　and　β　are　positive. The　cons tant　ω”is
negative as shown easily. Since ９れχ－ｃＪ＞０，the signs of ｄ２） and
ぐ戸 are opposi te　each　other 。
　　
The equations (4. 12) are　equivalent　to　ｅｑｓバ４．ｎ　which　are
exactly solvable by using the inverse scattering method 〔９７〕，
〔９８〕 and have the N-soli ton　solution　〔９７〕，　〔９９〕．　The　soli ton
solution of eqs.(4.12') propagates　to　the　　positive　　ど　　direction
and IS accompanied by the depress！on of the interface as seen
from ｅｑｓバ４バ５）．Ｔｈｅ solution of eqs (4.12) has　　the　　similarity
in the sense that if A=f(f,T) and 日＝g（ぞ，７） satisfy these
equations,Å＝ｒ３／２ｙ（ｒぞ，ｒ≒） and 召＝戸り（ｒi　，^こて）also satisfy them .
Here ｒ IS an arbi trary　　posi tive　constant. The　latter　can　be
obtained by replacing scaling parameter £ with £’＝ｒ-３／≒．
Therefore this similari ty １Ｓ　trivial。
　　　
















by an appropriate scale transformation. These　equations　have　an
infini te　set　of　conservation　laws　〔９７〕，　〔９８〕，　The　　first　　four
















where ｐ and ｑ are arbitrary posi tive　constants, and　λ’Ｏ　and　θ０
are arbi trary　　real　　constants .　The　　2-soliton　　　solution　　　of
eqs.(4.13) reduces to the breather solution 〔９９〕 when two
consti tuent　　sol ｌ tons　　have　　the　　same　　veloci ty.　The　　breather















Here ａｌ～ａ４，と）ｌand ｂ２ are constants depending on p. qi　and　ｑ２，
and are given in Appendix Ｂ． The posi tive　constant　　ｐ　　specifies
the veloci ty　of　the　”center　of　mass”of　the　breather　solution　as






the similar role as ｑ in ｅｑｓべ4.15). Among the other real
arbitrary constants do, Xo, To　and　θ０，　do　　gives　ａ　measure　of　the

















The uniform ampli tude　periodic　solutions　to　ｅｑｓバ4.. 13} are








scatter ing　method, i t　seems　difficult　　to　　obtain　　the　　solution
explici tly　　on　　this　　method　for　general　initial-value　problems .
Therefore, we　solve　the　equations　by　ａ　finite-difference　　method
and examine the properties of the solutions starting from
localized initial distributions。





I _ .. 1　　　ｌ　　　ｎ　　　　　･卜　　　　　入







spatial mesh size △．Ｖwas chosen so as to keep the
var i｡ations　of　ＩＩ～几　in　eqs.(4.14) sufficiently　smal 1　　　The　　time
increment △Ｔ　ｖａｓdetermined from the cr i ter ion　△Ｔ　く　△Ｘ２／４　based
on the 1 inear　stabi1i ty　analysis.
4.3. 1　　The　dependence　of　the　solution　on　the　initial　wavenumber
　　　　







is ｅχamined. Here　ｃ　and　χｏ　　are　　real　　constants .　This　　initial
condition is adopted as the representative of ｔｈ谷short wave




Figure ３０ shows the evolution of the solution for ｅχactly
resonant case ｃ＝０．Ｔｈｅpositive and negative parts of　　Ｌ　　ａｒｅ
generated at the first stage owing to the effect of the short
wave packet. The　　posi tive　　par t　　of　　Ｌ　　remains　　there　　without
propagation and the value of 151 at the corresponding location
tends to zero, while　the　negative　part　of　ム　is　　coupled　　wi th　　ａ
part of the shor t　　wave　packet　to　propagate　to　the　posi tive　χ
direction. These　behaviours　of　the　　shor t　　wave　　packet　　can　　be
explained from the fact that eq. (4.13a)　is　the　Schrodinger
equation with the potential し After suff土cient evolution time,
the solution separates into three parts ： (i) the　negative　par t
of ム coupled with ａ hump of 151 propagating to the posi tive　　χ































Fig.30. Time development of the solution for the initial data (4.20) with
c＝0.SこＵ十 iｖ.△X = 0.2. Since　the periodic boundary　condi tion　with
the period d = 400 is　used, the short　wave dispersing　to　the　left　appears





























Xn ＝ 90.d＝400.ＡＸ＝0.２.Ｆｏｒ ｃ≧イ).５　the
- ８１ -
short wave dispersing　to　the　left appears　from　the right end.
of £ alone , (1 ii ) the　solution　composed　of　only　the　　short wave
packet which disperses to both di rections。
　　　　　
The solutions for Ｃ≒Ｏ are shown in Fig.31 They also
separate into these three par ts　as　long　as　c　　１ｓ　not　so　large.
The solution for ｃ ≦－ｌ seems not to contain the coupled part (i )
because the ampl ｉ tude　　　of　　　short wave　　packet　　　decreases
For large positive ｃ， the evolution of the
negative part of £ is so slow that the defini te　coupled　　part (i )
１ｓ not obtained in the ordinary evolution time. Fairly　large
part of the initial shor t　wave　packet　　evolves　　to　　part (i )　for
smal 1　　！い　，　while　　most　　of　　it　evolves　to　part(i i i ) for　large
ｌＣへ The peak of IS of the par t (ii i〉for　large　I c I　　moves　　at
the speed －２Ｃ as is ｅχpected from eq. (A. 13a,) vith　L=0. The
larger steady posi tive　part　of　Ｌ　is　generated　by　the　shor t　　wave
packet of the wavenuniber more close to the resonant ｏｎｅ。






Fig.32. Time development of　ｌＳｌmax　，£min　and　ｖ　for　the　initial　data
(4..20) VI七hc＝0.The amplitude of the oscillation of ｖ is very small ｡
looks
　　
like ａ 1 -soli ton　　solution　(4. 15).　However,　　　5 ｌｍａχ≡　｀･
max !S(X,T) I　，　≒ｉ。≡-minL(.Y,T),　and　the　veloci ty　of　the　negative
part of 乙, V, calculated　from　the　data　of　the　part (i )　osci1 late
slowly in time with decreasing ampli tudes　as　i1lustrated　in
Fig.32. This kind of oscillation has been found for the
nonlinear Schrodinger equation 〔１８〕．The relation ｌＳｉｍａＥ＝ＵＬｍｉｎ，
which must be satisfied by the 1 -soli ton　　solution　（４　15),　is
approximately satisfied at any time. This　oscillation　can　be
considered as the result of the interaction between ａ 1 -soli ton
and ａ dispersing shor t　　wave　　（　　part(iii)　　〉. Therefore,　one
soli ton　is　ｅχpected　to　　emerge　　asymptotically.　The　　values　　of
parameters ｐ and ｑ of the soliton will be calculated from ｌＳｌｍａχ
and i-min averaged over ａ period of osci1lation, the averaged
































Fig.33. Dependence of the parameters ｐ and ｑ of the asymptotic　1-soliLon



















51 。 L.XO＝90，d＝400.Foｒ SO≦3 only the
８ ３　一一一一
state of one negative peak of Ｌ is　observed.
-
ｃ　
are shown in Fig.33. The
　
slower soli ton　　emerges　　from　　the





工ｎ this subsection we examine the dependence of the ．
asymptotic proper ties　of　the　solution　on　the　　ampl i tude　　of　　the
initial wave packet of the resonant wavenumber. Therefore, the
solution starting from the initial condi tion,
で S = Sosech(X-Yo),
Ｌ ＝ ０，
(4.2り
１ｓ studied. Here　So IS　ａ positive　　constant.　　As　　is　　shown　　in
Figs.34 and ３５， the solution again eventual ly　separates　into
three parts(i)(ii )(iii ) introduced　in　the　preceding　　subsection.
The larger steady posi tive　par t　of　ム　is　generated　for　larger　Ｓ０．
The time developments of the solutions shown in Fig.34- suggest
that one soli七〇ｎ emerges for ０．５≦ＳＯ≦３and that no s o 1i to n　for
ＳＯ＝０．２．０ｎthe other hand, i t　is　　suggested　　that　　the　　breather
solution (4.16) is　generated　for　３．５≦ＳＯ≦４　because　the　state　of
one negative peak of 乙 and that of two negative peaks of Ｌ are
observed alternately. This breather-1ike evolution １Ｓ
illustrated in Fig.35。
　　　
For ＳＯ≧０．５ IS Laχ　and　i^ min　defined　in　§　4.3. 1　　oscillate
in time with slowly decreasing ampli tudes　within　the　computation
time, while　they　decrease　monotonically　for　So　　＝　　0.2.　工ｎ　　the
case ０，５≦ＳＯ≦3, the　parameters　ｐ　and q　of　the　asymptotic　soli ton
solution (4.15) can　be　estimated　in　the　similar　way　to　the　　case











Fig.35. Time development of the solution for　the initial　data (4-.21) with
So
　
ニ４．ｄニ200. △Ｘニ0.025. Breather solution for　which　lS l maχ　and^min
oscillate in time with the period 2.24 emerges asymptotically. The
solutions at t = 5.4 and at　t＝　14.4 have two negative peaks of L, while
the solution at　t ＝９.0haｓ　one negative peak of Ｌ.
breather solution (4.16) for　３．５≦ＳＯ≦４　were　estimated　　by　　using
the relations (4.17) and (4.18). The　computed　values　of　the　left
hand sides of eqs.(4.17) are　approximately　cons tant　in　time .　We
adopted the period of the osci nations　of　ｌＳｌｍａχ　and　乙mill　as　the
approximate value for ち．
　
This period is also approximately








Fig.36 Dependence of　the parameters p. q. qi　and　ｑ２　０ｆ　the　asymptotic






faster sol ｌ ton　（ｏｒ　　breather　　solution )　is　generated　for
larger Ｓ０．The ｅχtrapolation of ｐ and ｑ to smal 1　　So　　suggests
that no ＳＯ!ｉton　emerges　for　5o<0.2. This　is　consistent　vi th　the
behaviour of the solution for Sn=0.2. Furthermore, the　values　of
q. Qi　and　ｑ２　　suggest　　that　　two　　or　more　soli tons　including　the




工ｎ this subsection we mainly examine　　the　interaction
between the soli ton　solution (4.15) and　　the　　steady　　long　　wave









ｂ and ■Vi are real cons tants, and　に　is　ａ　posi tive　constant
　　　　　
工ｎ the special case　　　of　　ど）＝―ａいl＋1ﾝＫ２，（　ｎ＝１ ，２，‥Ｕ，
eq.(4.22) represents　the　steady　n-sol ｉ ton　solution　as　　is　　shown
in Appendix C, so　the　interaction　of　it　with　an　incident　coupled
soli ton　is　al ready　known　theoretically　　〔９７〕，　　〔991 ,　　Both　　an
incident coupled sol i ton　and　the　steady　1-soliton, (4.22) with
と）＝-２Ｋ２ヽsuffer only the phase shifts from the interaction
between them. The　phase　shifts　△ｌ　and　△２　of　the　incident　soli ton
















Ａ positive (negative) phase　shift　means　ａ　posi tion　　phase　　shift
to the right (left). However ,　if　　ｎ≧２，　　ａ　steady　几一soliton
solution suffers the change of ｌ ts　shape　　from　　the　　interaction
because each consti tuent　　soli ton　　undergoes　ａ　different　phase
shift。
　 　
Since theoretical results are not obtained for ｂ ≒
－ｎ（ｎ＋1）μ or for more general steady long　＼?ａve solution, the
interaction is ｅχamined numerically. An　incident　coupled　soli ton
suffers only the phase shift from the interaction with the
solution (4.22) as is i1lustrated in Fig.37, and　the　phase　shift
At is positive for ｂ ＜ Ｏ and negative for ｂ ＞ Ｏ． Furthermore,
１ｔ is 1ikely　that　　△ｌ　　is　　posi tive　　for　　the　　arbitrary　　steady





















Fig.37. The interaction between the soliton solution (4.15) with p＝ｑ＝
１
and the steady long wave solution (4.22) with K = 0.8, b = -5 for　（ａ）
and K = 0.8, b = 5 for (b)。一一:七＝O。-:t = 22.4
　　　　　
Figure ３８ represents the dependence of Al for the coupled
soliton with p=a=l on the area 几＝２（/栄and the steepness ６Ｋ of
the solution (4.22). For　sufficiently　smal 1　１１ｓ
△ｌ is close
to －21:ｓﾉ５　　for　any　values　of　b/c.　Furthermore・the　relation　△１　ニ
ー２几／５is likely to be satisfied even for the steady long wave
of arbitrary shape of sufficiently smal 1　area　几，　The　value　of
△１／几in the 1imi t　ｌ八｜－Ｏ　can　be　predicted　for　　general　　values
of ｐ and ｑ from the relation (4.23a) on　the　assumption　that
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owing to　theinteraction with the steady long wave solution (4.22). Ig( =
Zh/k )is　the area of the steady long wave.
Several computations for different ｐ and ｑ support that this
relation IS valid for sufficiently smal 1　１１い　．　Figure　３８　also
shows that if ｌ几ｌ is not so small then △ｌ depends on the shape
of the steady long wave as well as　Is.　For　arbi trary　values　of　ｂ
and ら ｜△Ｌ/了いdoes not exceed 2/5. These　resul ts　　suggest　　that
ｌ△Ｏ
　










interaction with ａ coupled Ｓ０１ｊ．ton　as　is　i1lustrated　in　Fig.37
As the measure of the shift of the steady
long vave , we
calculate the following quanti ty　from　the　steady　par t　of　ム
心≡．ｽﾞ:ＸＬｄｘノ言ｄＸ］T,=T2 － ［χ:]くＬｄｘノχｹｄＸ］T^T, ' (4.. 25)
where　　Ｔ;　　and　Ｔ２　are　the　instants　sufficiently　before　and　after
the interaction respectively. The　value　of　Ａ２　is　　negative　　both
for any positive long　ｖａve and for any negative one. The　values




The derivation of the relation (4.26) from　eq. (4.13b)　　１Ｓ　　given
in Appendiχ D. By　using　the　preceding　results　about　the　sign　of
△い It follows from (4-.26) that　聡　is　negative.
§４４． Su lementar Discuss ion
　　　　
In this section we make ａ brief comment on the previous
results about the evolution of ａ shor ｔ　wave　and　ａ　long　Ｎｊａve
star ting　from　ａ　shor t　wave　packet　of　near-resonant　wavenumber ．
The short wave packet and the long wave corresponding to












are the ampli tudes　of　ａ　shor t　and　ａ　long　wave,
and λｓ and 副 are the length scales of ａ short wave packet and ａ
long wave. Here　all　the　var iab工es　are　nondimensional ｉ zed　by　the




to disperse until the relation λs=O(as') is satisfied. The　shor t
wave packet satisfying this relation is governed by the
nonlinear Schrodinger equation (1.11). Al though　the　long　wave
corresponding to the part(i i) does　not　propagate　in　the　　assumed
nondimensional time scale of OiaV), it is knovn 〔４９〕 to be
governed by the K-dV equation (1.13) in　the　slower　time　scale　of
０（ｃ１７３／２八 The steady n-sol i ton　　　solution ，　　(4.22)　　with
と）＝一几（几+ 1 )k:', may　be considered　as the　degenera七ｅ　case　　of　　the







































The coefficients in the representation （４ １６） of the
















































The eigenvalue problem in the inverse scattering method




































is the Schrodinger equation of eigenvalue ぐ２ and
　
potential
Ｌ、　When 乙 take the form (4.22) this　equation　can　be　transformed
to Legendre's associated differential equation, and　it　is　　known
〔１０１〕 that ｎ discrete eigenvalues exist and the reflection




h=~n (n+1 )/v-　belongs　to　the　steady　n-soli ton　solution.
Appendix Ｄ
　　
For the localized distribution of Ｓ and £, the　integration
of eq. (4.13b ) gives
三ＸＬｄＸ＝一万jSドclX
We assume that












where ∫ and り represent the soli ton　solution (4.15). Integrating



















Dee 一Ｆ１ １ｄ Case .
§ ５．１Introduction
　　　　　
The long-short resonant interaction discussed in the
preceding chapter was restricted to the case　　in　　which　　ａ　　long
wave is not dispers ive.　工ｔ　　is　also　possible　to　consider　the
resonant interaction between ａ dispersive short wavetrain and ａ
”dispersive" long wave. Benney 〔９６〕 discussed this interaction
between ａ short capillary-gravity wave and ａ long gravi ty wave
in deep water。
工ｎthis chapter, we　examine　the　interaction　between　ａ　long
internal wave and ａ short surface wave in tvo-layer fluid under
the assumption that 吊≪Ｚ≪h9. Here　乙　is　ａ　characteristic　length
scale of ａ long wave, and　んｌ　and　吊２　are　the　water　depths　of　　the
upper and lower layers respectively (　see　Fig.2　). The　eauations
describing the interaction are derived in ｊ 5.2. They　　have　　the
extra term representing the dispersion of ａ long　　Ｍａve in
comparison with the ｅｑｓバ4.12) for　shallow-fluid　case　　discussed
in the preceding chapter .　工ｔ　is　difficult　to　find　analytical
solutions of the derived interaction equations. Therefore ,　we
computed solitary vave solutions of them numerically in ﾐ§5.3.
工ｔis suggested that the soli tary　wave　solu tions　　are　　specified
by　tＶｉｏindependent parameters. The　interaction　equations　seem　to
















We consider the wave propagation in ａ two-layer fluid
which consist of the ”shallow■･ upper layer and the ”deep”lower
layer. The　same　symbols　as　those　in　chapter　４　are　used　　for　　the
densi ties ,　water　　depths ,　displacements　　of　　free-surface　　and
interface and the veloci ty　potentials　（　see　Fig.2　　）．　Then　　the
basic equations and boundary condi tions　　are　　again　given　by










The 1 inear　　dispersi on　relation　for　　the
surface mode (5.1a) is the same as that for surface gravity
waves in deep water .
　　　　
Vie　aｓｓume that Ｅ ２ ａ／λ ＜く 払 λ/岫 ～ 1，λ/リ くく ｌ and 八２ ＝
・・． Here ａ and λ are ａ characteristic ampli tude　and　ａ
characteristic length scale of the surface wave, respectively.
From now on, we　omit　the　subscript　from　八ト　The　vertical　length
scale of long wave component in the lower layer is the same as
the horizontal one. This suggests that It IS necessary to
introduce the stretched coordinate　Ｚ　＝　ε２／３ｚ　in　addi tion　to　さ　and
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　
ｗ






the veloci ty　potential　０ｆ　the　long　wave　component　in　　the　　1 over
layer is Ｏ（ｓ４／３）because the ver tical　veloci ty　of　the　long　wave
component in the upper layer 土ｓexpected to be Ｏくす２）from the
results in shallow-fluid case.
























Introducing Ｚ ＝ £２／３ｚas well as the variables　ぞ　and　７　　given　　by
eqs .(4.4-),　　we　　regard　　the　　long　　wave　　component　　of　　φ(ｎｌ　as　ａ
function of ら Ｚ　and　T. We　assume that　φ叫　consists　　of　　ａ　　long













































From the compatibi！ity condi tion　in　Ｏくj£2）





where ら＝（△９ｈ）|／２is the phase speed of　the　internal　wave　in　　the
























































eqs.(5.11) and (5.8) we　can　represent　the　second　term　of









where Ｈ represents the Hilbert transform
H(f)ニルPﾌﾞ⊇ｼﾄﾞﾃﾞﾉ心
(5 12)
where Ｐ denotes the Cauchy principal value. The　constants　β　and
７ are wri tten　as
β＝（１－△畑（１－ｅ‾２陥）＞０，
















The signs of ぐP and　ｄ２）　are　opposi te　each　other .
　　　
The equations (5.9) and　(5.12)　are　　to　　be　　compared　　ｗｉ七ｈ
eqs.(4.12) The
　
ｅχtra terra in ｅｑバ5.12) represents the
dispersion of the internal wave　in　ａ　deep　fluid. The　solution　of
eqs.(5.9) and (5.12) has the same sirailari ty as　　that　　of
ｅｑｓバ4.12). That　is , if　　.4=/(f ,T)　and　　日＝９（乱で）　satisfy　　these
equations ,　Å＝戸Z町(rf ,r≒）　　and　８＝ｒ２ｇ（ｒらｒ≒）　also　satisfy　them.










from the procedure for the derivation of the













十 oH(-･≒）＝（Ｊ Ｏ Ｓ１２）
　 　
∂Ｘ２ ∂Ｘ
by an appropr iate　scale　transformation. The　coefficient　　６　（　　＝
（１－△）／（２△） ） is ａ posi tive　　constanし　　工ｎ　　contrast　　with
eqs (4.13卜 these equations seem 七〇 have only the following four













Ｌ ＝ＬＯ ぐSo,L()：　real　　constants )
We consider the following perturbed solution
Ｓ ＝（ＳＯ十じa)exp (江oT十イじθ） Ｌ -- 乙O 十 ピｂ
(5.15)
（5.16）
where ｓ is ａ smal ｌ　　parameter ．　Substi tuting　　　these　　　into
eｑｓバ5.13) and　assuming　the　ｓｏ!ution　of　the　form
(a,0、b) = (a, e,　b)exp f･ｉ（りぐーリＴ）〕 個＞〇）、
ve obta！ｎ as the condi tion　for　instabi1i ty
Ｊく２７祠レが＋３几匹一心)+125〕犬 (5.17)





In contrast with the case of shallow fluid, １ｔ １Ｓ
difficult to find analytical solutions to the reduced
interaction equations for deep fluid (5.13). Therefore, several
numerical computations are made in order to ｅχamine the
proper ties　　of　the　solutions　including　whether　the　soli tary　wave
solution exists。
At first, eqs.(5.13) with　６＝ｌ　are　solved　　numerically　　for








use the ｅχpiici t　　scheme　　which　　is　the　same　as　eqs.(4.19)
except for the addition of the following term to the left hand
side of eq. (4-バ9c）
轟(Qyに２喝十糾-∩
where Ｑ ＝ Ｈ（ム）．Since the periodic boundary condition wi th　ａ
period ｄ １Ｓ adopted, the　represen七ation　of　Ｑ　is　modified　as
Ｑ＝ ﾌﾞﾌＰ牡(ｘ≒T)cotﾌﾟ万(X--X)dX≒
The formula based on the Taylor series of Ｌ around x-=x is used
for 七he above integration over the range χ－３△χ≦χ’≦χ＋３△X,and
Simpson 's　rule　is　used　for　the　other　integration　range。
　　　　
Figure ３９ shows the evolution of the solution starting
from eqs.(5.18). The most remarkable difference from the
shallow-water case is the shedding of the wavetrain of ム to the
negative χ direction caused by the effect of the dispersion term
in eq.(5.13b). The　negative　part　of　Ｌ　generated　first　propagates
to the posi tive　　χ　direction　together　wi th　ａ　hump　of　15　．　The
heights of these peaks are oscillating with decreasing






















Fig.39.Time development of the solution 穴)ｒ　theinitial data (5.18). o =
1，△X＝0.2.
evolution of the solution starting from eq.(5.18a) and
　
£ ＝ －２ｓｅｃｈ２（Ｘ－３０）． (5.19)
The
　
behaviour of the solution is similar to that in Fig.39
These rｅｓults suggest that ａ solitary wave solution of
eqs .『５』3) exists　and　that　ａ　class　　of　　the　　initial　　Conditions


























ｊ and ｇ are assumed to vanish as　　　Ｉχ－びF｜一〇つ
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where the prime denotes the differentiation with respect to χ －
vT. We　obtained　ｅχplicitly　two　　solitary　　wave　　solutions　　which
satisfy eqs.(5.21) and (5.22) for ６＝１ by ａ trial and error
method . These solutions give Oハμ)=(0.66,-0.54) and
（Ｕ，μ)=(1.64,0.4.7). Figure　４１　represents　the　profiles　of　SI　　and
ム of them。
The two solitary wave solutions belong to different family
of the similari ty　　solutions　stated　in　§5.2.　Therefore, it　is
sugges七ed that the soli tary　　wave　　solution　　of　　eqs.(5.13)　is
specified by two independent parameters。
We can find only four conserved quantities (5.14) for
eqs.(5.13). This　suggests　that　　eqs.(5.13)　are　　not　　completely












Two ｅχamples of　the steady solitary wave solution　to (5.13) with
o = 1 .一一：　I a I　。 : L. The velocity of　the solution, V, is　0.66
i？
J









工ｎthe present chapter ,　the　　results　　obtained　　in　　the
previous chapters are summarized and some related remarks　are
presented。
工ｎchapter 2, the　one-dimensional　reflection　of　ａ　solitary
wave in shal low　　water　　at　the　rigid　vertical　wall　１Ｓ　examined
numerically by an improved ＭＡＣ（ Marker and Cell ） method. The
problem １Ｓ equivalen七 to that of head-on ｃ０１！ision between tvo
soli tary　　waves　　of　　the　　same　　ampli tudes.　The　　　phase　　　shift
associated wi th　the　reflection　and　the　slight　distortion　of　the
reflected wave １Ｓ found for any smal 1　but　finite　　values　　of　　£．
Here Ｅ is the ampli tude　of　an　incident　wave　nondimensionalized
by the water depth 九。
The larger phase shift associated wi th　the　　reflection　　is
obtained for 七he larger e. Furthermore, the　phase　shift　tends　to
zero as £ decreases to zero. Th!ｓ　tendency　　IS　　consistent　　wi th
the existing theory based on　the　perturbation　method. On　the
contrary, the　experiments　made　by　Maxworthy　〔５７〕　give　the　phase
shift independent of Ｓ． Although he suggested that this
discrepancy between the theory and his ｅχperiment is due to the
inappropriate scaling adopted in the theory or to the truncation
of the perturbation calculation at the insufficient order ,　the
results in the present thesis indicate that the theory based on
the perturbation method is valid for sufficiently smal 1　Ｅ　in　the





The distortion of the reflected wave nondimensionalized by
　　　　　　　　　　　　　　　　　　　　　
ｊ，
九 is found to be at most ９ｆ　Ｏ（ε３），　　This　　result　　is　　consistent
with the existing secoｶd-order theories 〔５５〕， 〔５６〕 which
predict no distortion. Although　the　third-order　theory　by　Su　and
Mirie 〔８４〕 predicted the distortion of Ｏ（ε３），ｔｈｅwave form of
the reflected wave predicted by them is not similar to that in
the present thesis. Therefore, a　new　perturbation　method　may　be
required for the description of the distortion of ａ reflected
wave.
工ｎ chapter ３， the ｒｅｆ！ection of an obliquely incident
soli tary　wave　at　the　　rigid　　vertical　　wall　　is　　ｅχamined.　This
problem has ａ close relation to the problem of two-dimensional
interaction of soli tary　waves .　The　equations　　which　　govern　　the
two-dimensional shallow-water wave motion are derived by taking
only the terms of lowest order ‘of　nonlinearity　　and　　dispersion,
and are solved numerically.
The solution for %he reflection problem depends strong-ly
on the ratio of the angle心of incidence a to　e'/2. When a>(3e)'/2.
･” l芦the regular、reflection pattern　composed　of　an incident　wave　and
ａ reflected wave of .the same amplitudes emerges asymptotica!！ｙ，
工ｆ (ｘ≫ε１／２．ｔｈｅincident仁and the reflected waves intersect
approximately ａｔ･･ the　　point　しon　the　－ wall　　implying　　that……tire
solution∧can he approχimated ｂｙ∧the superpositionﾌﾟof incident
and reflected waves .- However , if　（χ　　decreases　　to　　（３ε）１／２，　the
position at which the incident and the reflected waves intersect
becomes more distant from the wal １。
　　　
０ｎ the other hand, if　ａ＜（３ε）１／２　″ａ　Mach　reflection　pattern'






pattern ） composed of three obliquely oriented
solitary waves is obtained as an asymptotic solution. This
solution has the reflected wave of the ampl ｉ tude　　smal ler　　than
that of an incident wave, and　”the　Mach　stem″perpendicular　to
the wall, as　well　as　the　incident　wave. As　ａ　tends　to　zero,　the
ampli tude　　of　ａ　reflected　wave　and　ａ　Mach　stem　decreases　to　zero
and ch, respectively, consistent　wi th　what　is　　ｅχpected as　　the
solution for the propagation of　ａ　soli tary　wave　along　the　wall.
　　　　　
other interesting ･･behaviour of the solution is the large
values of the　ｍａχimum　run-up　at　the　wall　for　ａ～（３ε）１／２．　Even　　the
ｖａ！ue larger than 3.4eん is obtained, although　the　ｌ inear　theory
predicts ２ｃん for any values of non-zero a.　This　phenomena　is　one
remarkable manifestation of nonlinear effect.ﾀﾞ
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　
■■Ｊ・ ・
The aforementioned ’asymptoti･ｃニsolution　for aく･（３ε）‥1/ぐ-ａｇｒｅｅｓ
well with the solution composed of three resonantly interacting
solitary waves predicted by Miles 〔６２〕． Therefore, it is
confirmed that the predicted solution emerges asymptotically as
the solution for the initial-value problem of　oblique　reflection
with a<(3£)ソ2 ’
Recently Melville 〔６３〕 made an experiment on　　　this
一一
problem.･ Al though　･he　obtained　the －　results　一indicati､ng the
emergence of the Mach ･reflection patternつｆｏｒニａ＜て３ε）１／Ｚ，ｈｅ--　could
not observe the large　ｍａχimum　run-up　at　the wall for､にxｙ（３０１ｲ２ in
contradiction to the Miles' solution. The　　experiment　　with　　ｔ･he
larger dimension may be required for the observation of the
large ｍａχimum run-up at the wall in consideration　of　the　　fairly
large evolution time required for the attainment of the





In chapters ４ and ５， the long-short wave interactions
between ａ long internal gravi ty　wave　and　ａ　short　surface　gravity
wave packet in two-layer fluid are ｅχamined. This interaction
occurs when the phase speed of an internal wave coincides wi th
the group velocity of ａ surface wave packet. The　equations　which
govern the time evolution of the long wave and the short vave
packet are derived by the. reductive　perturbation　method。
工ｎ chapter ４ the shallow-fluid case, in which the
wavelength 乙 of an internal vave is much larger than the fluid
depths, is　considered. The　governing　equations　for　this　case　are
ｓｏ！ved numerically for several initial localized distributions。
工ｔis found that the coupled sol ｉ ton　〔９７〕，　〔９９〕　composed
of the depression of ａ long　ｖａve and ａ hump of short wave packet
emerges
　　　
asymptotically from ａ wide class Ｊｏｆ‘　initial
distributions of short wave packet.A part　of　the　initial　　short
wave packet does not couple with the depression of ａ long wave
and disperses. The　short　wave　corresponding　to　this　　part seems
to become to be governed, by　the　nonlinear　Schrodinger　equation
(1.11) after　sufficien.tly_ large二evolution　　time.　The　　solution
　　　　　　　　　　　　　
㎜ ■㎜ ■■■ ■ ･Ｉ･ｊ･･ -¬ -¶ ＝ ・-Ｉｒ－－ －
composed of the elevation of ａ long vave alone is　also　found　in






■㎜･ ■ ■- ・･Ｊ･･- ・・
the assumed time scale, the　longﾌﾞwave　corresponding　to　this　part：
is expected to be governed by the K-dV equation (1.13) in the
slower time scale.
工ｎ chapter ５， the deep-fluid case,　in　which　ｌ　is　much
larger than the fluid depth of the upper layer and is much
smaller than that of the lower layer ,　is　　considered. The




the dispersion of the internal waves in comparison
wi th　those　for　shal low-fluid　case. Solitary　　wave　　solutions　　to
the equations are computed numerically, since　it　seems　difficult




The governing equations for this case seem to have only
four conserved quantities. This　suggests　that　the　equations　are
not completely integrable and that the obtained solitary wave
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